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ABSTRACT 



In this paper I investigate elliptic partial differential equations on Lipschitz domains in R 
whose coefficient matrices have small (but possibly nonzero) imaginary parts and depend 
only on one of the two coordinates. 

I show that for Dirichlet boundary data in L p for p large enough, solutions exist and 
are controlled by the L^-norm of the boundary data. 

Similarly for Neumann boundary data in L q , or for Dirichlet boundary data whose 
tangential derivative is in L q ("regularity" boundary data), for q small enough, I show that 
solutions exist and are controlled by the L 9 -norm of the boundary data. 

I prove similar results for Neumann or regularity boundary data in H 1 , and for Dirichlet 
boundary data in L°° or BMO. Finally, I show some converses: if the solutions are 
controlled in some sense, then Dirichlet, Neumann, or regularity boundary data must exist. 
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CHAPTER 1 
INTRODUCTION 



Let A be a uniformly elliptic matrix- valued function denned on R 2 . That is, assume that 
there exist constants A > A > (called the ellipticity constants of A) such that 



AM 2 < Rer? • A(X)r), |f • A(X) V \ < A\v\\C\ 



for every IgR 2 and every £,77 G C 2 
Let 1 < p < oo. We say that (D) 
for every / G I/P^V), there is a function w such that 



Let 1 < p < oo. We say that (D)p, (N)p, or (R)p hold in the Lipschitz domain V if, 



div AVm = in V, 

■u = / on dV, 

\\Nu\\ LP <C{p)\\f\\ LP 

div AVu = in V, 

v ■ AVu = g on dV, 

\\N(Vu)\\ LP <C(p)\\g\\ LP 

div AVw = in V, 

u = f on 9V, 

\\N(Vu)\\ LP <C(p)\\d T f\\ LP 



Furthermore, u is unique among functions with div AW u = and either iVw G LP (for 
(£>)£) or iV(Vw) G ^ (for (iV)^ or {R)j). 

Here z/, r are the unit normal and tangent vectors to dV . In the case (N)p, (R)p, we 
in addition require that g G LL 1 or / G W^ ,p , respectively. 
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In this paper, we will instead be concerned with complex matrix-valued functions A on 
R 2 which satisfy 

X\n\ 2 < Ref]- A(x,t)rj, |£ - A(x,t)r]\ < A\t)\\£\, A(x,t) = A(x, s) (1.2) 

for all x, t, s 6 R and all rj, £ G C 2 . 

In [13] and [2] , the following theorem was proven: 

Theorem 1.3. Suppose that Aq : R 2 i— > R 2x2 is real-valued and satisfies l\1.2\) . Let V be 
a Lipschitz domain which is either bounded or special, and let its Lipschitz constants be 
at most ki . (See [Definition 2.21 ) 

Let 1/pq + 1/Pn = 1- Then if (D) f , (£))^o/detAo - n y w ^ n constants at most 

Cy(po), then {N)pQ and (R)pq hold in the Lipschitz domain V, with constants depending 
only on pq, A, A, k^, and Cy{po). 

In [12], it was shown that 

Theorem 1.4. Let Aq(x) be as in \Theorem 1.31 and suppose that V is a bounded or 
special Lipschitz domain with Lipschitz constants at most k^. Then there is some (possibly 
large) p'n = pn(A, A, kj) and some C(A, A, kj) such that (D)^,° holds in V with constant at 
most C. 

In this paper, we intend to prove the following theorem: 

Theorem 1.5. Suppose that Aq satisfies the conditions of \Theorem 1.3\ Suppose that 
A satishes the same conditions, except that A(x) is allowed to be a complex-valued ma- 
trix instead of a real-valued matrix. Let V be a good Lipschitz domain, as dehned in 
Definiton\ZM 

Then there is some e > 0, pq > 1 depending only on A, A and the Lipschitz constants 
ofV, such that if \\A - A Q \\ L oo < e and 1 < p < p , then (N) A , (R) A and {D) A , hold in 
the Lipschitz domain V . 
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Furthermore, if f G H^(dV), then there are two functions ujy,UR, unique among u 
with div AVu = and N(Vu) G L 1 , such that 



(N)f< 



div AVun = in Q, 

v ■ AVuj\[ = f on dQ, 
\\N(Vu N )\\ Ll <C\\f\\ Hl , 

div AVur = in Q, 

d T UR = f on dQ, 
\\N(Vu R )\\ Ll <C\\f\\ Hl , 



;i.6) 



;i.7) 



We will also prove results for boundary data in BMO and L c 



Theorem 1.8. Suppose that A and V satisfy the conditions of \Theorem 1.51 If f G 
BMO(dV), the dual to H\dV), then there is a unique function u such that u = f on dV, 
div AVu = in V, and such that \ Vii| 2 dist(-, dV) is a Carleson measure, that is, for any 
X G dV and any V > 0, 



a(B(X ,R)ndV) J B (X ,R)nV 



\Vu(X)\ 2 dist{X,dV)dX < C 



;i.9) 



where C = C\\f\\BMO aD d C depends only on X, A, the Lipschitz constants ofV, and the 
if 1 constants in \Theorem 1.51 Furthermore, this function is unique among functions u with 
div AVu = in V, u — f on dV, and which satisfy ( 11.91) for some constant C. 

In [5] , it was shown that for real coefncent matrices Aq on bounded Lipschitz domains V, 
this theorem is equivalent to an Aqq condition on harmonic measure; this Aqq condition 
implies that {D)p° holds in V for some 1 < p < oo. 

Theorem 1.10. If V is bounded, then the maximum principle holds; that is, if f G 
L°°(dV), then there exists a unique u with div AVu = in V, u = f on dV and 
IMIioo(y) < C\\f\\ L <x>( dv y 



Finally, we will prove some converses: 
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Theorem 1.11. Suppose that A, V satisfy the conditions o f\Theorem J. 51 Suppose further 
that div AVu = in V. 

If N(Vu) G L (dV), then the boundary values v ■ AVu and r ■ Vu exist and are in 
H l (dV) with H l -norm at most C||JV(Vu)|| £ i. 

If | Vu(X) | 2 dist(X, dV) satisfies (ED for some C , then u\gy exists and is in BMO(dV) 
with BMO norm at most CC. Furthermore, if f = u\qq G L°° , then u G L°°; functions 
in L°° are unique, and so (D)^ holds. 



IThcorem l.lOl will be proven in|Chapter 14[ Uniqueness and converses for Theorems II .51 



and 11.81 will be proven in Chapter 13 Existence for smooth coefficients for ITheorem 1.81 
will be proven in Chapter 11 , and we will pass to arbitrary elliptic (rough) coefficients in 
Theorems d231 and [T3~TT1 

We now outline the proof of existence for ITheorem 1.5( resolving the details will form 
the bulk of this work. 

Proof of \Theorem 1.51 If / : dV i— > C is in L p for 1 < p < oo, then we can define 
(IDefinition 2.6l) functions Vf, S T f such that if X G R 2 - dV, then Vf(X) and S T f(X) 
are well-defined complex numbers, and div AV(T>f) = 0, div A T V(S T f) = in R 2 — dV. 
(Here A T is the matrix transpose of A.) 

We will show that, if /C, C are bounded then 

\\N(Vf)\\ LP{dV) < C(p)\\f\\ LP{dV) , \\N(VS T f)\\ LP{dv) < C(p)\\f\\ LP(dv) 

for all 1 < p < oo. (ITheorem 5.51 ) Furthermore, if / G E\ t , then \\N(VS T f)\\ L i < 
C||/||o-i, and so by density we may extend S to all of H . ( |Corollary 5.7| ) 
There exist operators /C±, C on L p (dV) such that 

JC±f = Vf\ BV± , C t f = r-VS T f\ dv , 
K} ± f = vA T VS T f\ dVT 

in appropriate weak senses, where V+ = V, V- = . 
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If /C+ is invertible with bounded inverse on some L p (dV), then for every g G L p (dV), 

-1 

+ 



we may let u = V(JC,g). Then 



divAVu = 0, u\ dv = g, \\Nu\\ LP < Cp\\fC + l g\\ LP < CpWfC^ \\lp^Lp\\9\\lp 

and so u is a solution to {D)p. 

Similarly, if K}_ or is bounded and invertible on L p or if 1 , then u = S T ({K}_)~^~ g) 
otu = S T {{C t )- 1 g) is a solution to (iV)^ T , (R)f, {N)f, or (i?)^. 

So we need only show that the layer potentials /Cj_, C} are bounded and invertible on 
LP or ii 1 . (Invertibility of /C+ follows from invertibility of its transpose K?, .) 

If A is smooth, and 

fl = {lGR 2 : <p(X ■ e^) < X ■ e} 

for some Lipschitz function (p (which we may assume, a priori, to be in Cq°) and some unit 
vector e, then we can prove that /C, £ are bounded H\dD) h+ F 1 ^) and L p (dVt) h+ 
L p (dQ) for 1 < p < oo. We can then extend this to arbitrary Lipschitz domains V. 
( ITheorem 6.11 ITheorem 6.101 and ITheorem 7.21 ) 



There is some pq > 1 (in fact, the pq in ITheorem 1.31) and some e > such that if 
|| A — Aq II < e, then K,± has a bounded inverse on i7o(«9V) and £*, /C^ have bounded 
inverses on LH)(«9V) and ff^dV). (Chapters E and 1) 

Using standard interpolation techniques (Chapter 10), we can show that /Cj_,£* have 



bounded inverses on L p for 1 < p < pq, and therefore JC± has a bounded inverse on L p for 
Pq<p'< oo. 

Thus, we have that (N)p, (R)p, {D)~j hold if A is smooth, for p > 1 small. We pass 



to arbitrary (rough) A in Chapter 12 □ 
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CHAPTER 2 
DEFINITIONS 



1 2 

If u G W^ o ' c (V), then we define divAV-u = in V in the weak sense, that is, 



AVu • Vr? = 

for all rj G Cq°(V). Similarly, we define z/ • AVu = g on <9V in the weak sense, that is, 



AVu ■ Vi] = / grj, 
V JdV 

for all r] G Cg°(R 2 ). 

We say that u = f on 9V if / is the non-tangential limit of u a.e., that is, if 

lim sup{|u(y)-/(A")| : \X -Y\ < (1 + a) dist(Y, dV) < r]} 

holds for almost every X G dV . 

We fix some notation. If U is a domain, then U = U+, U c = U-. The inner product 
between L p and L p will be given by 



(This notation is more convenient than the usual inner product / G t (x)F(x)dx.) A super- 
script of t will denote the transpose of a matrix or the adjoint of an operator with respect 
to this inner product. (So if /, g happen to be scalar-valued functions, then / = j l and 
(f, g ) = j fg, and if P is an operator, then (F, PG) = (G,P*F) i .) 

If I have a function or operator defined in terms of A, then a superscript of T will denote 
the corresponding function or operator for A t . (So A^ = A T ; however, P t ^ P T for most 
operators defined in terms of A.) 
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If U is a domain, then if X G <9£7 and / is a function denned on dU, we let Mf(X) be the 
generalization of the Littlewood-Paley maximal function given by Mf(X) = sup{^fj \g\ : 
/ 3 X, I C dV connected}. 

If / is defined on U, we define the non-tangential cones 7 and non-tangential maximal 
function iV by 

1Uia (X) = {YeU:\X-Y\<(l + a)dist(Y,dU)}, N Ui0 f(X) = sup \f(Y)\ (2.1) 

lu,ai x ) 

for some number a > 0. When no ambiguity will arise we suppress the subscripts U or a; 
we let 7±P0 = 7[/ ± (X). 

Definition 2.2. We say that the domain f2 is a special Lipschitz domain if, for some 
Lipschitz function ip and unit vector e, 

fl = {lGR 2 : <p(X • e X ) < X ■ e}. 

We refer to Hv^'llz, 00 as the Lipschitz constant of Q. 

We say that [/ is a Lipschitz domain with Lipschitz constant k\ if there is some fci > 
such that, for every X G <9f7, there is some neighborhood W of X such that [/ (~)W = Vt x ^W 
for some special Lipschitz domain fix with Lipschitz constant at most k\. 

If U is a special Lipschitz domain, then let k<i = k% = 1. Otherwise, let /C2, ^3 > 1 be 
numbers such that dU may be covered (with overlaps) by at most ki such neighborhoods 
whose size varies by at most k%. 

That is, there is a constant r such that 

017 C \jB(Xj, rj ) 
.7=1 

for some Xj G <9£7 and rj G (r/k^,rk^). We further require that there exist unit vectors e ? - 
and Lipschitz functions ipj, with HvjHi, 00 < ^1? such that if 

Qj = {X G R 2 : (/^((X - Xj) • ef) < (X - Xj) • e ? }, 

Rj = {X G R 2 : \(X - Xj) -ef\< 2rj, \(X - Xj) • e ? | < (2 + 2k 1 )r j }, 
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then 

UDRj = Qj HRj. 

We refer to k\, ki, k% as the Lipschitz constants of U. For simplicity, when we write 
hi, we mean hi, &2, k%. 

If the ki are finite, and dU is connected, then we call U a good Lipschitz domain. 

We will reserve V for good Lipschitz domains and Q for special Lipschitz domains. Note 
that if V is a good Lipschitz domain, then either V is special or dV is bounded. 

Note that we do not care about the value of the positive constant r in the definition of 
&2, this is because (D) A , (N)p, (R)p are scale-invariant. 

A number depending on these constants is very important. Let k<± be such that, if 
Xq G dU and r > 0, then a(dU n B(Xq,t)) < k^r. We refer to k± as the Ahlfors-David 
constant of U. 

We can bound some integrals which will be needed later: 

JdU\B{X ,r) \ X -X \P p< Q (Wr)P p - 1 

where b = P V(P-1). In particular, if X £ dC/ then 

/ ry \ lp do{X) < J*- dist(X , dU) 1 ^. 
JdU \ x ~ x 0\ p V - 1 

The letter C will always represent a positive constant, whose value may change from 
line to line, but which depends only on the ellipticity constants A, A of A, Aq, the positive 
constant a in the definition of non-tangential maximal function, and the Lipschitz constants 
of whatever domain we are dealing with. If a particular constant depends on another 
parameter, it will be indicated explicitly. We will occasionally use the symbols <, > to 
indicate inequality up to a multiplicative constant (e.g. ||T/|| < ||/|| as shorthand for 
\\1~f\\ < C||/ll)j we wm use ~ to mean that < and > both hold. 

Lemma 2.4. Let A : R 2 i— > C 2x2 be an elliptic matrix-valued function. Then, for each 
X G R 2 , there is a function T x € W^(R 2 ), unique up to an additive constant, such that 

\T x (Y)\<C + C\\og\X-Y\\ 
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for every Y G R , and 

[ A(Y)VT X (Y) ■ V V (Y) dy = - V (X) (2.5) 
JR 2 

for every r] G Cq°(R 2 ). 

We refer to this function as the fundamental solution for div AV with pole at X . 



This lemma will be proven in Chapter 4 By \7Tx(Y) we mean the gradient in Y. We 



will sometimes wish to refer to the gradient in X; we will then write V x(X)- 

if^R) is defined to be {/ : R i— ► C||| sup^ / * is finite} for some Schwarz 

function $ with J $ = 1, where <&t( x ) = It can be shown that if / G H l , then 

/ = Efc A fcOfc, where X k G C, / a k = 0, \\a k \\ L oo < l/r k , suppa fc C B(x k ,r k ) for some 
r k > 0, and ^2 k \ X k \ ~ Functions a satisfying these conditions are called atoms. 

We may extend the definition of to H^(dU), where U is a Lipschitz domain. We say 
that / G H^-(dU) if / = X k a k , where the X k are complex numbers, and Jqjj a k da = 0, 
suppa^ C A k for some C dU is connected, and Hofclli 00 < ^/ a {^-k)- The norm is the 
smallest J2k \ ^k\ among all such representations of /. 

If U is a good Lipschitz domain, then this is equivalent to defining atoms to be 
functions a which satisfy Jgjjada = 0, suppa C B(X,R) fl dU for some X G dU, and 
< l/R. 

We consider BMO(dU) to be the dual of H l (dU). This means that 

Wf\\BMO(dU) = SU P -7X\ \f ~ hf\ d(T 

AddU connected J A 

f« sup inf — / |/ — C|d<7. 

xedv, i?>o c # JB(x,R)ndu 

Multiply connected domains are beyond the scope of this paper. However, many lemmas 
and theorems in this paper have obvious generalizations to multiply connected domains. For 
the most part, these require that H functions integrate to on each connected component 
of dV. 
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Definition 2.6. Let V be a Lipschitz domain with unit outward normal and tangent 
vectors v and r. If / : dV t— > C is a function, we define 



(Y)f(Y) da{Y) (2.7) 



VS/pf) = VS v f(X) = [ V X T 

JdV 

Vf(X) = V v f(X) = [ v(Y) ■ A T (Y)VT T x (Y)f(Y) da(Y). (2.8) 

JdV 



This defines Sf up to an additive constant. 
We define the layer potentials K,±, £ via 



K±f{X)=1C$ ± f(X)= lim I u{Y).A T {Y)VTf{Y)f{Y)da{Y) (2.9) 

cf(x) = c$f(X)= hm / r(y)-vr/(y)/(y)da(y). (2.10) 

z^x, Ze 7+ (x)u 7 _(x) Joy 



z^x, zey±(X). 
lim 

z^x,Ze 7+ (x)u 7 _(x) 

When no confusion will arise we omit the subscripts and superscripts. By (14. ip . 
|Vr x (y)| < C/\X-Y\; hence, Vf and V<S/ converge for X <£ dV and / G IP, 1 < p < oo. 

We will show that the limits in the definition of K, and £ are well-defined for f & IP 
smooth, 1 < p < oo. fILemma 5.21 ) 

/C+ — /C- = J as operators on IP (ILemma 8.11|) . so K.+ ^ JC-; however, if / e L p 



with 1 < p < oo, then at any point where the obvious analogies £±f exist, they are equal. 
fILemma 8.121) . 



It will be shown that 



lC t ± f = vA T VS T f\ dVT , £ l f = r-VS T f. 



( Lemma 5.3 ) 



We also need the following definitions: 



C v) 



VT X (Y) =1 I A(Y)VT X (Y) (2.12) 
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B 6 



Bf(X) = (fieW)" 1 (A(X)u(X) t(X)) 
K A (X,Y) = (b£(Y)Vf£(Y) Bg(Y)Vr£ '(y))' 

^(x,r) = 5 6 A (x) (v x ff (r) Vxffon) 

T^F(X) = lim / 

r y F(x) = lim / A-(z,y)F(y)d(7(y) 

n.t.,ZeV JdV 

When considering special Lipschitz domains, we will need some terminology: 



ip(x) = xe 1 - + (p(x)e G <9fi, 



ip(x, h) = i]){x) + he = 



XC2 + (<p(x) + h)e\ 
—xe\ + ((p(x) + h)e<i 

so (x, t) = if) fox — e\t, e\x + e 2 t ~ ¥{ e 2 x ~~ e l^))> 

(G,T±F)= lim / G(x) t K h (x,y)F(y)dydx 

(G,f±F)= lim / G(x) t K h (x,y)F(y)dydx 

K h (x,y) = (B 6 (^(y))Vr5 M) (^(y)) B^{y))VT T ^ h p{y)) 

p x , h) w ^ )} , = ^ (x>fc) ^ (l/)) 
^(x,y) = BeGK*)) (v x fj (a;) ^(y,/i)) V x fJ (x) 

= /., 1 „ . 9 (<p'( x ) e± - e ) = 7l 1 77 ,0 ( 61 + e2V? ^ 

< \ 1 f -L , '( \ \ 1 f e2 + ei^(x) 

t(x) = — = e + (p (x e = — - 
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B 1 {x) = B l y>{x)), 

-1 



B^x, h)) = (Bq{i/>{x, h))*) yjl + <p'(x) 2 (a{1>(x, h))u{x) r{x)) . (2.28) 



Note that ft = {X : y?(X • e^) < X • e} = {^(x, ft) : x G R, ft > 0}. 
We will occasionally want slightly different forms of K, T: 



K' h (x,y) = (B 6 (i;(y,h))VrT {x p(y,h)) B^{y,h))^ {x p{yM)) (2-29) 

vi^ (a) wv,/o)y 

Xifoy) = B 6 (V>(^)) (Vxf^^)(V(2/)) V x f5 (a . )h) (^(y))) (2.30) 

(G,T±F) = lim / G{x) t K' h {x,y)F{y)dydx (2.31) 

(G,T±F) = lim / G{x) t K' h {x,y)F{y)dydx (2.32) 

We will later show (ISection 4.61) that if A - I e C^(R i-> C 2x2 ), then T± = on Cg°. 



These requirements will be dealt with in ISection 6.11 and Chapter 12 

Note that, if / is a function defined on <9ft, we will often use f(x) as shorthand for 



So T n± F{^{x)) = T ± {^\TW?F o <4>)(x), and 

T±{B 1 f){x)=T n± (B 7 f)Mx))= lim / K h (x,y)B 1 (y)f(y)dy 

\JC±fMx)) Cf(i>(x))J 

and -Bi is bounded with a bounded inverse; thus, we need only show that T± is bounded 
from L P (R i— > C 2x2 ) to itself to show that the layer potentials are bounded. 
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CHAPTER 3 
USEFUL THEOREMS 



First, we start with a lemma about non-tangential maximal functions: 

Lemma 3.1. Recall that N a f(X) = sup{|/(F)| : Y G V, \X - Y\ < (1 + a) dist(Y,dV)} 
where we omit the V subscript. Suppose that < a < b and V is a good Lipschitz domain. 
Then for all 1 < p < oo, 

\\N b f\\ LP{dv) < C\\N a f\\ LP{dv) 
for some constant C depending only on a, b and the Lipschitz constants ofV. 
Proof. It is obvious for p = oo. Suppose that N a f G LP{dV) for 1 < p < oo. Define 

5{Y) =dist(y,9Q), E a (a)= \J B(Y : (1 + a)S(Y)). 

\f(Y)\>a 

Recall that 

rOC 

W N °fW P LP(dV) = / VO?- X o{X G 8V : N a f(X) > a} da. 

So we need only show that a(Ej D (a) fl dV) < Ca(E a (a) (IdV) for all a > to complete 
the proof. In fact, if dV is bounded, we need this result only for a > 2\\N a f\\ipa{dV)^ 1 / p . 

If \f(Y)\ > a, then a p a(B(Y, (1 + a)5(Y)) n dV) < \\N a f\\ P Lp . If V = is a special 
Lipschitz domain, then 5(F) < ^||JV/||Jp/aP. If dV is bounded, and if a(dV)aP > 
2\\N a f\\ P LP , we must have that some X G dV is not in 5(Y, (1 + a)5(y)); therefore, 5(F) < 
diam((9l / )/a. 

In either case E a (a) is a union of balls with bounded radii. So by the Vitali lemma 
there is a countable set of points such that the B{Y{, (1 + a)8(Y)) are pairwise 

disjoint and such that E a (a) C U^S(l^,Ci(l + a)5(l^)) where C\ is a fixed constant (i.e. 
depends on nothing except the dimension of the ambient space R 2 ). 
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Note that if \f(Y)\ > a, then Y G B{Y i ,C 1 {l + a)5(Yi)) for some i. Then 6(Xi) > 
5(Y) - \Y - Yi\ > 8(Y) - Ci(l + a)^), so 5(Y) < (d + C x a + 

Thus, B(Y,(l+b)5(Y)) C B(Y i ,(l+b)5(Y) + \Y-Y i \) and so E b (a) C U i B(Y h C 2 5(Y i )) 
where C% > 1 + a depends only on a, b and C\ . 

Let Y = Yi for some i, and suppose that Y* e <9y with |y — K*| = dist(y W). Then 
either dV <£ B{Y, (1 + a)5(Y), so 

a (b (y, C5(y)) n 9V) < C5(y) < c(2a<j(y)) < Ca(5(y, (i + a)<?(y)) n <9y) 

or ,9V C S(y,(l + o)(5(y)), so 

a (b (y C5(y)) n dy) < o-(ay) < Ca (b (y (i + a)<?(y)) n ay) 

Thus, 

a(£ 6 (a) n dV) < <?( B ( Y i, C5{Y-)) ndV)<J2 Cv(B(Y t , (1 + a)6(Y )) n £>y) 

z i 

< Ca(E a (a)f]dV). 

This completes the proof. □ 

We now turn to lemmas about solutions to elliptic PDE. Suppose that divAVw = 
in U where A satisfies (11.11) . Let B r C R™ be a ball of radius r, B r m be the concentric ball 
of radius r/2, such that either « = 0on dU fl B r or v ■ AVu = on dU R 5 r . (If -B r C U, 
then these conditions are both trivially true, and in fact it is this case which is used most 
often.) 

In R n , the following lemmas are well-studied. They hold in all dimensions whenever A 
is real; they all hold even for complex A when working in R 2 (but not in R^ and higher 
dimensions) . 

Lemma 3.2. For some constant C depending only on A, A, 

f |Vu| 2 <^/" m 2 . 

JunB r/2 r z JunB r 



14 



Lemma 3.3. For some C > 0, p > 2 depending only on A, A, 



Vp / 1 /■ \ 1/2 



\Vu\P < C — / |Vw 



'•" JB r/2 nu I \<" Jn r ni' 



Lemma 3.4. For all p > 2, there is a constant C(p) depending only on A, A and p, such 
that 



sup \u\ < C{p) —^- (\ I \u\A 
t /9 nu \UnB r \ \r z J Br nU J 



i/p 



B r/2 nu 

Lemma 3.5. If div AVu = in all of B r , then for some C, a > depending only on A, A, 



M£ y 

sup |«(X) - u(Y)| < C 1+Q ||M|| £ 2 (Br ). 



X,YeB r/2 



Now, assume that A satisfies ( 11. 2p . so £) = A(x). Then tt^ is also a solution, and 
so Lemmas I3.2H3.5I hold with u replaced by ut- 

In lSection 4.41 we will construct for each such u a function u such that u x = ^j^i+^j^t 
and div A r Vw = 0. 

So 



sup |Vw| < sup \u x \ + sup |itf| < C sup + C sup (3.6) 

B r/2 B r/2 B r/2 B r/2 B r/2 

/ r \ 1/p / /• \ 1/p 

<C(p)(f W +C(P)(/ l«tP 

1/p 



< C(p) (£ |Vtt|^ 
So lLemma 3.41 holds for Vu as well as u if A(;r,t) = and B r C U 
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CHAPTER 4 
THE FUNDAMENTAL SOLUTION 



4.1 A fundamental solution exists 

Recall that ILcmma 2.41 states that there is a function T$(Y), unique up to an additive 
constant, called the fundamental solution of the operator L = div AV, such that 



/ A(Y) Vr^(F) • Vrj(Y) dY = -rj(X) 
JR 2 



for every r\ G Cq°(R 2 ), and where |r^(F)| < C(l + | log|X — F||) for some constant C. 
We will let r = T A , T° = T A o, and T T = T aT . 

We now prove this lemma. From [U pp. 29-31], I know that there is a function_ 
K t (X, Y) such that, for all r] G Cq°(R 2 ), 

J Ti(X)dtK t (X,Y) dX = J A(X)V X K(X,Y)- V V (X)dX. 
Furthermore, there is some (3, fi, C > depending only on A, A such that 

\k t {X,Y)\<Ze*pf PlX ' Yl2 



t I t 



- K t(X > Y)l <_ £ ( exp{-^l} 



whenever \X — X'\, \Y — Y'\ < + \X — Y\). This Kt is called the Schwarz kernel of 
the operator e~ . 



1. They refer to it as K; I use K to differentiate it from the K in (|2.9 
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Let J t (X, Y) = K t {X, Y) - f r < ]z _ Y] < 2r K t (Z, Y) dZ, so that Mr<\X-Y\< 2r, 



\MX,Y)\ 



K t (X,Y)--f K t (Z,Y)dZ 
Jr<\Z-Y\<2r 



r<\Z-Y\<2r 



\K t (X,Y)-K t (Z,Y)\ dZ 



< 



Cf \x-z\ 



r<\Z-Y\<2r t Vv^+l^-^l 



t 



< C( \X-Y\ y f P\X-Y\ 2 
- t \^t+\X-Y\) eXP \ t 

So J t G L\. 

From jl, p. 54], there is some e, /3,c> 0, such that 



2\ e 



r<\X~Y\<2r 



So, by Holder's inequality, 



\l/2 f •> 
\V x K t (X,Y)\ 2 dX\ <- t [j) 



-Pr 2 /t 



\l/2 

|v x ^(x,r)|dx < V37rr I / |v x ^(x,r)| 2 dx 

r<\X-Y\<2r \Jr<\X-Y\<2r J 



So 



poo 2e g 

\V x K t {X,Y)\dXdt< J Cr- rrt e- ()r l l dt 

e ^V 2 dt 



Jr<\X-Y\<2r 



oo r 2e 



r 2+2e£l+e 



roc i 

Jo t 1+e 



Since that integral converges, we know that 



00 



V x K t (X,Y)dt 
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converges almost everywhere in B(Y,2r) — B(Y,r). 
Define 



rOC 

T Y (X) = C(r)+ / J t (X,Y)dt 
JO 



so 

roc rOO 

VIY (X) = / V x J t (X, Y)dt = / V x K t (X, Y) dt 
Jo Jo 

where C(r) is chosen such that the values of T on different annuli agree. Then 

/r rOO 
AVT Y ■ Vrj = J A{X) J V x K t {X, Y) dt ■ Vrj(X) dX 

A(X)V x K t (X, Y) ■ Vr](X) dX dt 

d t K t (X,Y)r](X)dXdt 

= lim [ K t (X,Y)r)(X)dX - lim f K t (X,Y)rj(X) dX 
t^oc J t ^0+ J 

= o - n(Y) 

whenever t] e Co°- 

So we have constructed a fundamental solution. 
Furthermore, we have the following bound on its gradient: 



\VT Y (X)\dX < Cr. 



X-Y\<r 

This allows us to put an upper bound C| log \X — Y\ \ + C on Furthermore, by 

H3.6I) . we have that 

|vr y (x)| < pJL^. (4.i) 

4.2 Uniqueness of the fundamental solution 

Let u = T x , and assume that \v(Y)\ < C(X)(1 + \ log|F||), and / AVv ■ Vrj = -rj{X) for 
all rj G Cq - (We will need v to be this general later.) Then w = u — v is a solution to 
Lw = which satisfies |if(F)| < C(X) + C(X)\ log |F||; ILemma 3751 allows us to conclude 
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that 

C\Y — 7\ a lnp-r 
MY) - < ' r i + J \M\ L 2 {Bi X,r)) < C(X)\Y - z\°^L 

for any r large enough. This implies that w is a constant; thus Tx is unique up to an 
additive constant. (So VT X is actually unique.) 
If A(y, s) = A(y), let ((X) = rj(X - (0, t)). Then 

-r / (X) = -C(X + (0,t)) = J A(y,s)\7T x+m (y,s)-V((y,s)dsdy 
= J A{y, s - t)Vr x+ ( ^(y, s) ■ Vrj(y, s - t) dsdy 
A(y, 8)VT x +(0,t)(y> s + t)- ^V(V, s) ds dy 



and so by uniqueness, 

VT x+m (Y + (0,t)) = VT x (Y). (4.2) 
4.3 Switching variables 

We wish to show that 

T X (Y)=T Y (X). (4.3) 

Let be the fundamental solution of the operator divA V. We follow the develope- 
ment in [T31 Lemma 2.7]. 

Let 7] e be 1 on a neighborhood of B(0,R). If R > \X\, \Y\, then 

i$(x) - r x (Y) = [ \7( v r x ) ■ A T wl - v( v tT)avt x 

JR. 2 



vr x ■ A T vrl - vr£ ■ avf x 

B(0,R) 

+ [ _ V(rjV x )A T W Y - V( V T Y )AVT X 

+ / Y x v ■ A T \7Vl - Vlv ■ AVT X da. 

JdB(0,R) c 
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So we need only prove that the last integral goes to zero. This will be easier if we work 
with A r and T r instead of A, T, where A r = I on B{0,2r) c and A r = A on 5(0, r); we 



will then show that lim r 



>oo 



r. 



Consider only r > 2\X\ + 2\Y\. Then Y r x is harmonic in B(0,2r) C . 

Think of R 2 as the complex plane, and let u(Z) = T r x (Z). There is some bounded 
harmonic function co(Z) on 5(0, 2r)^ such that u(Z) = uo(Z) on <95(0, 2r); let v(Z) = 
Y x (e z )-u(e z ). 

Then v is harmonic in a half-plane, and v = on the boundary of that half-plane; 
by the reflection principle we may extend v to an entire function. Furthermore, |v(Z)| < 
C + C Re Z, so v is linear. 

So T r x (e z ) = co(e z ) + C\ + C 2 ~ReZ; thus, T^(Z) = w(Z) + Ci + C 2 log|Z| for some 
bounded a; and constants C\, C<i- Using a test function which is 1 on 5(0, 3r), we see that 
Ci — ^r. We thus have a standard normalization: we choose additive constants such that 
T r x (Z) = u(Z) + r 7 (Z), where r 7 (Z) = ^ log |Z| and lim^^ u(Z) = 0. 

Since uj is bounded and harmonic on 5(0, 2r) , the function /(Z) = u(l/Z) is bounded 
and harmonic in a disk; thus, so are its partial derivatives. By our normalization, /(0) = 
lim| Z |^ 00 cj(Z) = 0. Then \u(Z)\ = \f(l/Z)\ < C{r)/\Z\ on 5(0,3r) C , and oj'(Z) = 
-f'(Z)/Z 2 , so |Vw(Z)| < C(r)/\Z\ 2 on 5(0, Sr) 67 . 

Let R > 3r. Then on 95(0, 5), 



i/ • vrf T - v ■ r 7 vr 7 da 



< 



r x -r< 



vr 



< C(r)C | c log5C 



5 5 



5 5 



vr£ T - vr 7 



and so 



• r r x vr r ^ T - v • r 7 vr 7 da 



dB(0,R) 



< C(r) | c log5 



5 



5 
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So since A r = A r ^ = I on B(0,r) c , 



\r r x (Y)-rf(x)\ 



'" {T r x VT r f -T r ^ T VT r Y ) da 



dB(0,R) 



Y VL X 



< c 



dB(0,R) 
1 + log R 



v ■ (r^vr^ T - r J vr 7 ) - v ■ (r^ T vr^ - r 7 vr 7 ) da 



R 



which goes to as R -> oo. So r^ T (F) = r^(X) 
Let Mr(Z) = T r Y {Z) - T Y (Z). Then 



j A(Z)Vu r (Z) ■ Vr]{Z) dZ = 



for all 7] e qf (5(0,7-)). 

So if |Z|, |Zo| < r/3, then by lLemma 3.51 

C 



Wr(Z) - Ur(^o)l < Zi+sll«r|| L 2 (fl(0j2r /3))l^ " Z o\ 



and 



|«rl < / Kr < 

5(0,r) JB(Y,2r) JB(Y,2r) 



'1 + I log IX -FN) 2 dX < C 2 r 2 log 2 r 



for r large enough. (Note that this is independent of Y provided \Y\ < r.) 
Thus, 

\v Y (z) - r r Y (z) - r Y (z ) + r r Y (z )\ < c l ^\z - z Q \ a 

provided r is sufficiently large compared to \Y\, \Z\, \Zq\. 

Now, we choose a normalization that will set Tx(Y) = F Y (X). 

Fix some choice of Tq(X). Normalize each T x such that T x (0) = Iq (X). Now, fix 
some Y. We want to show that f(X) = T X (Y) satisfies the conditions of Yy. 
First, if r] G Cg°(R 2 ), 

J A T (X)X7 X (T X (0)) ■ Vij(X) dX = J A T (X) VrJ(X) • Vr/(X) rfX = -77(0) 
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and so, since T r x (Y) — T^(0) — > Fx{Y) — Tx(0) almost uniformly in X, 
A T {X)Vf{X)-Vrj{X)dX 

= f v x (r x (Y)-Tx(o))-Mx)v v (x)dx + J v x r x (o)-A(x)v v (x)dx 

= [ lim Vx(Tx(Y)-T x (0))-A(X)V V (X)dX-r 1 (0) 

J r— >oo 

= liin J V x (rf(X) - Tf(X)) ■ A(X)V V (X) dX - r?(0) 

= -77(F) +T?(0) -7/(0) 

as desired. 
Next, 

\f(x)\ = \r x (Y) - r x (o) + rj(x)| < c(i + 1 log \x\\ + \ log \x - y\\). 

This growth condition suffices to establish the inequality in lSection 4.21 so by uniqueness 

/(x) = r£(x). 

4.4 Conjugates to solutions 

Suppose that u satisfies div AVu = in some simply connected domain U C R 2 . Then if 
Yq, Y G U, the integral 

/ \A(Z)Vu(Z)-dl(Z)= u(Z) ■ A(Z)Vu(Z) dl(Z) 

Jy \i y ir 

is path- independent , where is the unit normal to the path from Yq to Y. 
There is then a family of functions {u} which satisfy 



1 
-1 0. 



Vu = AVu. 



We call such a function the conjugate to u in U; it is unique up to an additive constant. 
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Any such u may be written as 

u(Y) = C+ [ v{Z) ■ A{Z)Vu{Z)dl{Z). 
Jy q 

Now, div AVu = 0, where A = j et j± A. is also an elliptic matrix. 

In particular, we may define the conjugate Fx to the fundamental solution Fx on any 
simply connected domain not containing X. Note that VT X (Y) is defined on R 2 \ {X}, 
even though Fx itself is necessarily undefined on a ray. 

We now require that A(x, t) = A(x), which allows us to use (13. 6p . 

Letting u = d Xi T x {Y), we have that by flUD \ U ( Y )\ < C/\X - Y\ and so 

/ \ 1/2 

\d Xi d y T x (Y)\ < \Vu(Y)\ < U \u\ 2 ) < Ty^TTi- (4-4) 

3 \ X - Y \ \J(B(Y,\X-Y\/2) J \X-Y\ Z 

Now, since 

fxOO = C(X) + [ v{Z) ■ A(Z)VT X (Z) dl(Z) 

JYn 



we have that 



V X f X (Y) = VC(X) + [ Y u{Z) ■ A(Z)V(V X T X (Z)) dl(Z) 

Jy 



We can choose ( so that 

-Y 



V x Fx(Y)= [ v{Z)-A{Z)V{V x V x {Z))dl{Z). 

J oo 



\2 
I ? 

the same value, no matter which direction we use to go off to infinity. 



Since \d Xi d z .T X (Z)\ < C/\X - Z\ 2 , this integral converges. Furthermore, it converges to 
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Now, if rj e Cq°(W) for some bounded simply connected domain W with Y W, 

[ A T (X)V x T x (Y)-V V (X)dX 
Jw 

= f A T (X) [ A(Z)u(Z) ■ V Z (V X T X (Z)) dl{Z) ■ V V (X) dX 
JW Joo 

= [ A{Z)v{Z)-V z [ A T {X)VT T Z {X) ■ Vr](X) dX dl(Z) 
Joo Jw 



Thus, 



whenever X ^ Y. 



Y 



A{Z)v{Z)-V z r){Z) dl{Z) =0. 



div x A T (X)V x f x (Y) = 



(4.5) 



Recall that Bq(u) 



4.5 Calderon-Zygmund Kernels 

'an (y) a 2i(y) 



. We have that 







f d s T T x { y ,s) 



B 6 (y)VT x (y,s), 



and because d s T x (y, s) and d s T x (y, s) are solutions to elliptic equations away from X, we 
have that for some a > 0, 



\B 6 (Y)VF X (Y) - B 6 (Y>)vr x (Y>)\ < ^ Y _ Y jZ ^ T xhHB(Y,l\x-Y^ 



ha. 



< 



C\Y -Y\ 
\X-Y\ l + a 



for \Y -Y'\ < \X-Y\/2. 

Since we have a bound on d Xi dy-Y^ Xl jX2 )(yi, 2/2)) we have that 



\B 6 (Y)VT X (Y) - B & {Y)VT X ,{Y)\ < C 



T 



\x-x- 



X-Y\ 1 + a 
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for \X — X | < \X — Y\/2. (Actually, in this case we have it for a = 1.) 
Recalling that 

K(X,Y) = (b 6 (Y)VT x (Y) J B 6 (F)Vr5(F))' 
we have that K (X, Y) satisfies the Calderon-Zygmund kernel conditions 

\K(X,Y)\<—^—, (4.6) 



\K(X,Y)-K{X',Y)\<C- 
\K(X,Y)-K(X,Y')\<C- 



\x-x- 



hot 



X-Y^+ a 
\Y — Y'\ a 



\X - Y|l+a 

provided \X — X'\, \ Y — Y'\ < ^ X ^ — . (These conditions are clearly equivalent to those in 
ILemma 5.41 ) 

Now, recall that 

v x f x(y) = [ Y u{z) ■ A(z)v(v x r x (z)) di{z). 

J oo 

Since \V z(S x{Z))\ < C /\X — Z| 2 and the integral is path-independent, we have that 

|v*f - v x f x (y')l < | X f Z |2 ^( z ) ^ c 

whenever \Y - Y'\ <\X - Y\/2. 

Now, we wish to show that K is C a in X as well as Y. Let 

u{Z) = B Q {X)V X T T X {Z) - B Q {X')V X Y T X ,{Z) = B 6 {X)VY Z {X) - B 6 (X')VT Z {X'). 

Then div A T Vu = away from X,X', and \u{Z)\ < C r^E§S^ Provided \X - X'\ < 
\X - Z\/2. 



\Y 


-Y'\ 


\X 


-Y| 2 
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So, by (HOi}, 



C / / ,2 



1/2 



V«(Z)|<— — 4 | U M <C 



s(z,|a:-z|/4) 





-x'\ a 


\x - 


Z \2+a 



Then 



b 6 (x)v x r x (Y) - b 6 (x')v x t xi (y)\ 



v{Z) ■ A(Z)Vu(Z) dl(Z) 

00 

, y \X-X'\ a \X-X'\ a 

< / ^7 7^T~ < C- 



\x- 


-x'\ a 


\x- 


z\ 2 + a 



\X -Y\ 1+c 



provided \X — X | is small compared to \X — Y\. 
So, recalling that 

K(X, Y) = B 6 (X) (v x f x (Y) V x f x (Y) 
we have that, if \X - X'\, \Y - Y'\ < \\X - Y\, 



mX,Y)\<—^-, (4.7) 



\k(X,Y)-K(X',Y)\<C 
\K(X,Y)-K(X,Y')\<C 



\x-x 



X-Y\ 1+a 
\Y — Y r \ a 



X-Y\ 1+a ' 
4.6 Analyticity 

We will eventually want to compare the fundamental solutions (and related operators) for a 
real matrix Aq and a nearby complex matrix A. We can explore this using analytic function 
theory. Let z h- > A z be an analytic function from C to L°°(R 2 h— + C 2x2 ). (As a particularly 
useful example, take A z = Aq + z(X/2e)(A — Aq).) Assume that A z is uniformly elliptic in 
some neighborhood of 0, say -6(0, 1). 

Let L z = divAzV. Since we are working in R 2 , we know from [1] that the operator 
e ~tL z a Schwarz kernel Kf(X, Y) = K+ Z (X, Y). Furthermore, we have that ([U p. 57]) 
the map A i— ► K is analytic. 
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Fix some Y. Recall that, as in ISection 4.1\ 

VT~ Z (X) = / VKf(X,Y)dt. 
Jo 

Since VKf e Lj, uniformly in z, we have that by e.g. the Cauchy integral formula, 
Vr|>(X) is analytic in z. 

This lets us compute many useful inequalities. 
If uj is a simple closed curve lying in -5(0, 1), then 

vr^(A-) - vrpm = JL £ vr^(A-) (^±- - 1) d( 

which has norm at most |z| |jy_yi if I- 2 ! < 1/2; taking A z = Aq + z(X/2e)(A — Aq) and then 
applying this equation to z = 2e/A, we get that 

|vr r (x)-vr r (x)|<^^. (4.8) 

Similarly, 

\VT Y (X) - VT Y (X) - VT Y (X')+VT Y (X')\ < ^"fi" , 

Cf\Y — Y'\ a 

|vr y (x) - vr Y (x) - vr Y ,(x) + vr Y ,(x)\ < |x '_ y|1+ ' a , 

provided that \X - X'\, \Y - Y'\ are less than \\X - Y\. 

Suppose that J z is a Calderon-Zygmund operator whose kernel K Z (X, Y) is analytic 
in z, and suppose that J z is uniformly bounded on LP in some neighborhood of z = 0. 
Then 

j*f(x) - j°f(x) = -L / jC/(x) f — rfc 



2«L \C(C-«). 

and so 

' dC < CN II/IIip- (4-9) 



\J z f-J°f\\LP<^£\\J C f\\LP 
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We now assume that A is smooth, and complete the argument (referenced in Chapter 2 ) 
that T± = T' T . Recall that r x (F) 7 = ^ In \X - Y\, and so T x+e (Y) = T X (Y - e) for all 
X, Y and e. We would like a similar result for more general T. We know from ( 14. 2 p that 

rjf+(0,t)00 = T x(Y - (0,0) for any real t. 

If we define A Z (X) = A(X)+z(A(X + £)-A(X)), then A 2 is elliptic for all \z\ < A/4A, 
and so 

|vr£(y) - vr x (y)| < |x ^ y| C|l ^ lko ° ^. 

If A(x) is smooth in x and A = J for large x, then H^'H^oo^^ is finite (if large). 
But T^ + ^(F + = ^^(F) by uniqueness: 

r 1 {X) = J A(Y)VV XH (Y)V V (Y -OdY = J A X {Y - i)VT XH {Y)V V {Y - £) rfF 
= | A 1 (Y)VT XH (Y + 0^v(Y)dY 

So while we do not have that Ty +e (X) = Ty(X — e), we do have that 

|VIY +e (X) - VI>(X - e)| < ^]^y? l|e||- (4.10) 

This equation is not useful for establishing bounds on the constants in the definitions 
of (D) p , (N)p, (R)p, since we wish those bounds to be independent of A'; however, this 
equation is useful in showing that certain limits are equal to other limits. 

Recall that 



T±F(x) — lim i / ; ;; + I BQ(<p(y)yF(y)dy, 

<p(x,h) 



T+F(X) = lim / 



B 6 (<p(y,h)) l F(y)dy 



If A is smooth, then hm h ^±VT^J(p(y,h)) = lim^ 0=F VrJ, ^(<^(y)); and so we 
have that T±F = T^-F for sufficiently well-behaved F. 
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CHAPTER 5 
LAYER POTENTIALS 



The general idea is as follows. Suppose we wish to solve the Neumann, Dirichlet, or 
regularity problem in some domain V. In the special case where A = J, V = R^_, it turns 
out that 

hmVf(x,t) = -f(x), lim d t Sg(x,t) = -g(x) 

at any Lipschitz point x of / or g, provided that f,g£L p for some 1 < p < oo. Thus, 
u = S(2g) and u = T>(2f) solve the Neumann and Dirichlet or regularity problem. 

More generally, we solve the Neumann, Dirichlet, or regularity problem by showing 
that there exist some functions a, b, c defined on dV such that ||a|| £P < C'IIs'Hlp, < 
C\\f\\ L P, \\4lp < C\\d T f\\ LP and for each X 6 dV, 

lim Vb{Z) = f(X), lim Sc(Z) = f(X), v ■ AVSa = g. 
Z^Xn.t. Z— >Xn.t. 

We will want the following properties of layer potentials. From (12.51) . (14 .11) . and (14. 3p . 

we have that 

• If X ^ dV, then T>f(X) and VSf(X) are well-defined (the integrals converge) for 
/ G LP(dV), l<p<oo. 

• If u = T>f or u = Sf, with / as above, then divAVw = in R?\dV. 

• If dV is compact and / G L 1 ((9V A ), then \im^ x ^ OQ Vf(X) = 0. Furthermore, 
hm| XHoo Sf(X) - rj(0) j dv f da = 0, so if / G H 1 then lim^^ Sf = 0. 

• If V is bounded, div AVu = inside V, and u is continuous and Vu is bounded on 
R^_, then if we define / = u, g — v ■ AVu on dV, letting rj G Cq°(R 2 ) with 77 = 1 
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near V gives us that 

u{X) = - f A T VY T X ■ VM = - / VY T x -AVu- f A T VY T X ■ V(u V ) 

J f Jv JyC (5.1) 

= -/ T x vAVuda+ v A T VT x uda = Vf(X)-Sg(X) 
JdV JdV 

for all X G V. (Some of these conditions may be relaxed; however, it is obvious when 
they all hold.) In particular, fgyv- A T W X da = 1. 

If V is bounded, then V1(X) = 1 in V and in V c . If V = Q is a special Lipschitz 
domain and X, Xq G Q, then we may define V1{X) — V1{Xq) in the obvious way: 



vi(x) - vi(x ) = [ v a t (vt x - vrj ) 
Jon u 

JdSl\B(Xn,R) Jd(nnB(XnM)) J (6 



idn\B(x ,R) Jd(nnB(x Q ,R)) J (dB(x ,R))nn 

If R > 2\X — Xq\, the first and third integrals are at most C\X — XqY* /R a , and the 
second integral is equal to since Q D B(Xq, R) is bounded. 

So again, Vl(X) is a constant on f2. 

• If / G BMO(dV), I claim that Vf is well-defined up to a constant. Pick some Xq, 
X eV. Let R = 2\X - X \ + 2 dist(X , dV), and let X* G dV with dist(X , 9V) = 
\X -X*\. Then 

X>/(X) - Vf(X ) = Vf(X) - Vf R (X) - Vf(X ) + Vf R (X ), 

where f R is any constant, so without loss of generality f R ^ x * B)f^dV / = ®- ^ basic 
BMO theory, this means that i dv ^B{X* ,2 k R) l/l - C ( k + 1 )ll/llsMO- Then 

|2>/(x)-2>/(x )|< / |i/.A(vr^-vri )||/|d(7 

JdV u 
</ ( ~ I ^ )\f\d<J 

~ JdvnB(x*,R) \\ x - Y \ \ x o- Y \) 

/ g|.y-A-or 

/ — - — -. — f l+ a 



0V\B(.Y*,i2) 
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The first term is at most 

C C 



CR WfWBMO ( dist{ X idV) + d i st (X ,dV) 



while the second term is at most 



tf c}x - x S\f\J" 

l dV(lB(X*,2 k + 1 R)\B(X*,2 k R) \X-Y\^ a 



k=0 



< 



C|X-X | a M ,„ A;+l 



fc=0 



E 



These are both finite, so Vf is well-defined up to a constant. 

We will need a number of lemmas: 

Lemma 5.2. If / G LP(9V) for some 1 < p < oo, or if / G 5MO D L°°, and if M(d T f)(X) 
is finite, then the limits in the dehnitons of X, C exist at X. (If f G BMO, the limits exist 
once we have fixed our choice of additive constant for Vf.) 

Similarly, if F G D>{dV i-> C 2x2 ) and M(d T B~ 1 F)(X) is finite, tnen TF(X) is well- 
deiined. 

Recall that Mf is the maximal function. 
Proof. Recall the definitions of /C, £, T: 

JC±f(x)= Jim p/(z)= hm / ^)-^ T (^)vr|(r)/(r)rf ( T(r) 

= hm / r(y) • VY T z {Y)f{Y) da(Y) 
Z^X JdV 

T±F(X)= hm f K(Z,Y)F(Y)da(Y) 
z^x,zev± Jdv 
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Note thai if /•' = [ ^ ^ | thou 



T ± B F(X) = ( ^ ±/l(I) + Ch{X) + CU(X)\ 

' \JC±fi{X) + Cf 3 {X) IC ± f 2 (X) + Cf 4 (X) 



So our result for T± will follow from our results for K±, C 
By gSD, if \Z -Z'\<\\Z- Y\, then 



\VT Z {Y)-VT Z ,{Y)\<C 



Suppose e, e are two small vectors such that X + e, X + e are both in V, and that 
dist(Jf + e,<9V) < (l + a)|e|, dist(X + e, <9V) < (l + a)|e|. Define A (p) = B(p)f]dV. Then, 
if p > 2|e| + 2|e|, 





Z-Z' 


a 


\Z-Y 


1+a 



\Vf(X + e) - Vf(X + e) 



< 



/ vA T {VT T x+e -VT T x+h )fda 
J dV 

[ v ■ A T (VT x+e - WF x+& )(f - f(X)) da 
JA(o) 



'A(p) 

+ 



f(x) [ vA T (vr x+e -vr 



T 

X+e, 



da 



+ 



u.A T (VT T x+e -VT x+ ,)fda 



T 



dV\A(p) 



If V is a good Lipschitz domain and / G LP for p < oo, then by (12. 3p . the third term is 
at most 



Cle - el a 
1 Yl l +a \f\da<\\f\\ LP 
dV\A( P ) \Y -X\ l+a 



c 


e — 


e 


a 




Y 


-X 


1+a 



< 



LP- 



C|e-e| a 

9 a+l/p 



LP (dV\A(p)) (f 
If f & BMO, and X, Xq G V, then since T>1 = we may assume without loss of 
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generality that 7 = 0. Then 
C|e-e| a 



C|e-e| a 



JdV\A(p) \Y-X\^ lfl ^ - ^ 7a(2*p)\A(2*-1 P ) \X ~ Yp+" 



oo 



C|e-e| 



1/011 do" 



oo 



C\e-e\ a nk 



2"/£*||/||BAfO 



< 



Cle-e 



x|Q 



OO 



A: 



BMO ^ 9ka ■ 
k=l Z 



To control the first term, recall that M(d T f)(X) is finite, so there is some C(X) such 
that, if \X - Y\ is small, then \f(X) - f(Y)\ < C(X)\X - Y\. So 



f vA T VT T x+e {f-f{X))da < [ 
JA(p) Ja(p) 



c 



\X + e-Y 



■C(X)\X -Y\da(Y) 



Since dist(X + e, dV) < (1 + a) |ej , we have that |e| < (1 + a)\X + e — Y\ and so 

f v ■ A T VT T x+e (f - f(X)) da < [ —^—C{X)\X - Y\ da(Y) < C{X)p. 
JA(p) Ja(p) \X - Y\ 



To control the middle term, note that 



id(B(x, P )nv) 



v ■ A T \7T x+e da = 1 



d(B(x, P )nv) 



v ■ A T VY T x+ii da 



and so 



f(X) I v ■ A T {VY T x+e - VY x+ii ) da 

dB(x, P )nv 



-iT 



< \f(X)\ 



c 



8B{X,p) 





e — e 


a 


\X-Y\ 


1+a 



da<C\f{X)\ 



|e — e| 
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We may control all three terms by first making p small and then making |e| and |e| 
small. 

Similarly, 



d(B(x, P )nv) 



d(B(x, P )nv) 



and so 



r-WT T x+ Jda 



dV 



VT T X+ Jda 



dV 



roes to as lei, lei — > 0. 



□ 



Lemma 5.3. If f G L p , 1 < p < oo, then we have the following equations for the transposes 
of JC and C: 

K*±f = ■ A T VS T f\ dVT , C l f{X) = d T S T f(Z). 

Proof. Consider first. Pick some rj e Cq°(R 2 ). By the weak definition of v ■ AV, we 
need to show that Jg v r])C+f do = — jyc Vrj ■ A T VS T f. 
If / E LP, 1 < p < oo, then by Q, 



V5 T /(X)|< / \V x T x f\da<\\f\\ LP 
JdV 



c 



X 



LP(dV) 



<c p \\f\\ L pdist(x,dvy 



-i/p 



which is in Ll, so the right-hand integral converges. 
By definition, 

/ rjJCLf do~ = / JC+nf do 
JdV JdV 



dV Z^Y : 
iv Z^Y : 



lim f u-A T VT T z (X)n(X)da(X)f(Y)da(Y) 
V, JdV 

Jim f Vrj(X) ■ A T VY T Z {X) dX f(Y) da{Y) 
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while 



f Vr,- A T VS T f = f Vr,(X) ■ A T (X) [ V x T x (Y)f(Y) da(Y) dX 
JV C JV C JdV 

= [ [ V V (X).A T (X)VT^(X)dXf(Y)da(Y). 
JdV Jv c 

I claim that 

z _j™ J yC Vv(X) ■ A T VT T Z (X) dX = J V V (X) ■ A T VT^(X) dX. 
Let 6 = 2\X- Y\, snppr] C B(Y, R). Then 

J c Vr](X) ■ A T VT T Z {X) dX- J c Vr](X) ■ A T VT^{X) dX 
J V V (X) ■ A T (VT T Z (X) - Vrf (X)) dX 
VT T z {X)-VT^{X)\dX 

c(v) [ 
J\: 



<C( V ) 



X-Y\<R 



< C(v) I 
Js< 





Z -Y 


a 


Y\<R 


X-Y 


1+a 



dX + 



< C(rj)\Z - Y\ a R l - a + C(r])5 = C(rj)\Z - Y\ a R"- a + C(rj)\Z - Y\. 

This clearly goes to as Z -> Y; thus K,\f = v ■ A T VS T f\ dv _. Similarly, K*_f = 
vA T VS T f\ dv+ . 

Now we come to Cf. Let rj G Cg°(R 2 ) again. Then 

/ r ] C t fda= [ fC V da= [ f(X) \im [ r(Y) ■ VT T Z (Y) V (Y) da(Y) da(X). 
JdV JdV JdV Z^XJdv 

If dV is bouned, let W = V. If V is a special Lipschitz domain, then let W = ip((—R, R) x 
(0, R)) where R is large enough that dV fl suppr? = dW fl supp??. Then W is bounded, 
and Z i dW. 

So J 9W t(Y) ■ VY T Z {Y) da(Y) = 0, and so 

/ r ] C t fda= [ f(X) lim / r(Y) ■ Vr£(y)fa(r) - r,(X)) da(Y) da(X). 
JdV JdV Z^X JdW 



\X-Y\<5 
a r>l—a 



X-Y X-Z 
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But 



lim f r{Y)-VY T z {Y){n{Y)-n{X))da{Y) = [ r{Y) ■VT^(Y)(r ] (Y) - V (X)) da{Y) 
Z^X JdW JdW 



z- 

since for all X e dV and all Z e 7± (X) with \X - Z\ = 5/2, 

( \r(Y) ■ (Vr T z (Y) - Wr^(Y))( V (Y) - n{X))\da{Y) 
JdW 

JdWnB(X,S) \ \X - Y | \Z-Y\J 
f c\x-z\ a .. M J 

JdW\B{X,S) \X - Y\ i+a 
< + C\X - Z\ a \\r)\\ L oo5 a 

which goes to as \X — Z\ — > 0. So 

r ] C t fda = [ f(X) [ r{Y)-VY T x {Y){r 1 {Y)-r 1 {X))da{Y)da{X) 
JdV JdW 

= [ (rj(Y) - V (X))r(Y) ■ [ f(X)V Y T Y (X) da(X) da(Y) 
JdW JdV 

= [ (r,(X) - v(X))r(Y) ■ VS T f(Y) da(Y) 
JdW 

= [ r ] (Y)r(Y)-VS T f(Y)da(Y)= [ rj(Y)r(Y) ■ VS T f(Y) da(Y). 
JdW JdV 



dV 



This concludes the proof. □ 
Lemma 5.4. Assume that K(X, Y) satisfies the C alder on- Zygmund kernel conditions 

\K(X,Y)\< ' 



\X-Y\' 

■f\a 



\K(X,Y)-K(X,Y')\< C ' |r | Y 

1 V ' ; V ' n ~ min(|X-F|,|X-F / |) 1 + a 



for some C,a > 0. 
Then if we define 



TF(X)= [ K(X,Y)F(Y)da(Y), 
JdV 
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then for any X E V, X* G dV with \X - X*\ < (1 + a) dist(X, dV), 

\TF(X)\ < CMF(X*)+%F(X*). 
Here if T is an operator on L^(dV) with Calderon-Zygmund kernel K(X, Y), then 



is the standard truncated maximal operator associated with T. Note that 7+, 71 have the 
same truncated maximal operator. 

It is well-known (see, for example, [9] and [151 P- 34]) that if dV = R, then % is 
bounded L 2 i— > L 2 if and only if T± is. It is easy to see that this remains true if V is any 
good Lipschitz domain. 

Proof. Define 



where M is the standard maximal function and our constants depend on the Lipschitz 
constants of V. 





Now, if h = dist(X, dtt), then 




< CMF(X*) 



But iT/j-Fpf)! < %F(X), and so we are done. 



□ 
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Theorem 5.5. Let V be a good Lipschitz domain. If T± is bounded from LP to itself and 
LP to itself, for 1 < p < oo, and the conditions on K in \Lemma 5.4\ hold, then 



\\N v± (Vf)\\ LP < C(p)\\f\\ LP , \\Ny T (VS T g)\\ L p < C(p)\\g\\ LP . 

If 7~± is bounded on LP and LP , then 

\\N V± (VVf)\\ LP <C(p)\\d T f\\ LP . 

Proof. Since T± is bounded on LP, so is 7^; if 1 < p < oo, then M is bounded on LP. 
Therefore, by ILemma 5.41 we have that F \— > N(TF) is bounded LP \— > LP and LP i— > LP . 
But 

fVf(Z) S(d T f)(Z) S 
T(B 7 f)(Z) =[ 



\Vf(Z) S(drf)(Z) 



This completes the proof for N(T>f). 
Note that 



VVf{X) = V x / i/ • A T VY T x f da = V x [ r ■ VfJ/ da 

= - Vx / f 5^/ da = - / V x Y T x d T f da 
JdV JdV 

and so, taking our kernel to be K(X,Y) = Bq(X) \VxF x (Y) V x^ x (Y)J we may use 
ILemma 5.41 to bound ||JV(VP/)||iP. 

We now turn to N(VS T g). Recall that 



VS 1 g(Z)= V z T z (Y)g(Y)da(Y). 
IdV 



Define 7^ as before, by 

T h F(X)= [ K{X,Y)F(Y)da{Y) 
J\X-Y\>h 

(VT£(K) VT^Y))' B 6 (Y) t F(Y)da(Y). 



X-Y\>h 
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Then 

T$F(X)= [ K t (Y,X)F(Y)da(Y) 
J\X-Y\>h 

= B 6 (X) I (v x T x {Y) V X T X {Y)) F{Y) da(Y) 

J\X-Y\>h V J 

If T is bounded on L p , then so is T*, and so is bounded on L p . But by our expression 
for T h above and bv ILemma 5.4l N(VS T f)(X) < CMf(X) + CT^f(X). This completes 
the proof. □ 

Corollary 5.6. We have that \\N(Vf - V°f)\\ LP < C\\f\\ LP \\A - A \\ LOO . 

Proof. Consider T = T — T , and recall that \\A — AqII^oo = e. Then by (14. 8 1) and 
ILemma 5A\ we know that 

\ff(Z)\<CeMf(X) + Cf,f(X) 

for any X G dV with \X - Z\ < (1 + a) dist(Z, dV). 

But by g^D, H^HiP^iP < C p e. So as in the proof of [TWeniASl \\N(Vf-V°f) \\ LP < 
Ce\\f\\]j>, as desired. □ 

Corollary 5.7. If g is a H 1 atom, then \\N(VSg)\\ L i < C. 

Proof. Suppose that g is a atom supported in some connected set A C dV with 
<r(A) = R and X G A. Then 

,, , 1 1 



a (A) R'' 

and so ||p||r2 < l/v^R. 
Therefore, 



1/2 

/ |iV(V<S^) I < bk 4 R [ / |iV(VS#)| 2 ^ 

JB(X 0: bR)ndV \JB{X ,2R)r\dV 



< bk A VRC\\g\\ L 2 < bC 



by Holder's inequality. 
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We need to bound f dV \ B ( Xo bR) \ N (^ S 9)\- If \ X ~ X o\ > 2 R, an d Y e j(X), then 
either \X -Y\ < \X -X\/2 and so \X -Y\ > \X -X\/2, or \X -Y\ > \X -X\/2 and 
so 

\x -y\> distfy, ay) > — *— |y - x\ > |x °~ x| . 

IU 1 - v ' 7 ~ 1 + a 1 1 2 + 2a 

In any case, 

\X -X\ 



N(VSg)(X) < sup \VSg(Y)\ : |F - X \ > 



2 + 2a 

If |X — Xq\ > (2 + 2a) R, then we care only about \Y — Xq\ > R. In this case, 



\VSg(Y)\ < 



< 



V Y T Y (Z)g(Z)da(Z) 
B(X ,R)nV 



(V Y T Y (Z) - V Y T Y (X ))g(Z) da(Z) 
B(X ,R)nV 



< r \z-x \ a c 

- J B (x ,R)nv (\Y-X \-R) l +«R a{ ' 

<c- Ra 



(\Y-X \-R)i+°f 
Therefore, if\X-X \>(2 + 2a)R, then 

pa 

N(VSg)(X) < C- 



{\X-X \-R{2 + 2a)) 1 + a ' 
and so if we choose b = 4 + 4a, then 

\\ N ^ S 9)\\ LHdv \ B{XQm <C. 

This completes the proof. □ 

Coroll ary 5.8. If T and are bounded on LP and L p for some 1 < p < oo. so ^ Theo- 
rem 5.5 holds, then the limits in the definition of JC±f, Cf exist pointwise a.e. for f £ LP , 
even if f is not smooth. 

Proof. We work with C only; the proof for K,± is identical. Let f n G LP be smooth and 
such that ||/ n — f\\ijp < 4~ n . Then for each X 6 dV, limy^^ n t Vf n (Y) exists. Since C 
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is bounded on L p , lim n ^oo £f n = Cf exists in LP. 

Let E n = {X EdV : \Cf(X) - Cf n (X)\ > 2~ n or N(V(f n - f))(X) > 2~ n }; then 
o(E n ) < C2- n . Thus, a (U™ =n E n ) < C2~ n , so 

oo oo 

e = n U E n 

n=l m=n 

has measure 0. 

Suppose X G dV, X E. So there is some > such that, if n > JV, then 

\Vf(Y) - Cf(X)\ < \Vf(Y) - Vf n (Y)\ + \Vf n (Y) - Cf n (X)\ + \Cf n (X) - Cf(X)\ 
< N(V(f - f n )){X) + \Vf n (Y) - Cf n (X)\ + \Cf n (X) - Cf(X)\ 
<C2- n +\Vf n (Y)-Cf n (X)\. 

So for every e > 0, there is some n > N such that C2~ n < e/2, and some S > such that 
\Vf n (Y)-Cf n (X)\ < e/2 provided Y G -f(X) and \X-Y\ < 5; thus, \Vf(Y)-Cf(X)\ < e 
if |X — Y\ < 5, and so the non-tangential limit exists at X, as desired. □ 

Similar techniques may be used if we know that we can solve (D)p for smooth boundary 
data and would like to show that solutions exist for arbitrary L p (or BMO) boundary data. 
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CHAPTER 6 
BOUNDEDNESS OF LAYER POTENTIALS ON L p 



Theorem 6.1. Let Aq, A be matrices defined on R which are independent of the t- 
variable, that is, A(x, t) = A(x, s) = A(x), Aq(x, t) = Aq(x, s) = Aq(x) for all x,t,s e R. 

Assume that Aq is uniformly elliptic (that is, satisfies A1.2\) ) and Aq(x) G R 2x2 for 
all x. We make the a priori assumptions that A, Aq are smooth. 

Then there exists an eg = eo(A, A) > such that, if \\A — Aq\\^oo < eg, then if V is a 
bounded or special Lipschitz domain, the layer potentials T and 7~ defined by ( 12. 17\) are 
LP-bounded for any 1 < p < oo, with bounds depending only on X, A, p, and the Lipschitz 
constants ofV (as defined in \Definition 2.2\) . 

We assume eo < A/2; this will ensure that A is elliptic as well. 

If I can prove that T is bounded L 2 i— > L 2 , then I will know that T is bounded L p i— > L p 
for 1 < p < oo. This follows from basic Calderon-Zygmund theory (e.g. [T5l 1.7]). 
We will start with special cases: 

Theorem 6.2. Suppose that we are working in a special Lipschitz domain Q (so that we 
may consider T instead of T). We may write that Q = {X : ip(X ■ e -1- ) < X ■ e} for some 
e, e -1 - and some Lipschitz function (p. 
Then \Theorem 6.11 holds. 

We will pass from ITheorem 6.21 to ITheorem 6.11 in ISection 6.21 
We will want to start with an even more specialized case: 

Theorem 6.3. Suppose that the <p in the definition of Q above is smooth and compactly 
supported. Further assume that 




(6.4) 
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for some functions a^ 2 > a 22 wm ch leave Aq uniformly elliptic, and that for some Rq large, 

f R o a 2 i(y) f R ° 1 

A(x) = Aq(x) = I for \x\ > Rq, + --— dy = 0, and + --— dy = 1. (6.5) 

J-R a ll{y) J-R a ll{y) 

Then there is an 5q = 5q(X, A) > such that if \\ip'\\^oo < 5q, then T and T are 
L -bounded. 

We will pass from this theorem to ITheorem 6.21 in ISection 6.14 and will prove this 
theorem in Sections I6.3H6.7I 

We let 0(pi,p2, ■ ■ -Pn) denote a term which, while not a constant, may be bounded by 
a constant depending only on p\,pii ■ ■ - Pn] thus, for example, A sin(x) + A 2 = 0(X, A). 

6.1 Buildup to arbitrary special Lipschitz domains 

We will prove [Theorem 6~3l in Sections 16 .41 - 16 .71 in this section, we will assume it. We wish 
to prove ITheorem 6.21 We work only with T; the proof for T is identical. 

Theorem 6.6. \ Theorem 6. 3\ holds if we relax the condition A6.5\) on A and the requirement 
that (f G Cq , and replace the requirement that H^'IIl 00 < ^0 with the requirement that 
\\(p' — 7||l°° < Sq for some 7 G R, and permit 5q to depend on 7 as well as X, A. 

Proof. We first look at the requirements (16.51) and <p G Cq°. Recall that T±F(x) = 
lim^Q± TfrF(x), where 

T h F(x)= [ K{xe ± + {cp(x) + h)e,ye ± + cp{y)e)F{y)dy. 

Jr 

We need only show that the are uniformly bounded on L , so we may consider some 
fixed choice of h. 

Pick some F G L 2 (R). Then for each /x > 0, there is some positive number R > with 
H^llL 2 (R\(-i? R)) < V" ^ * s an °P era t° r similar to T, but based on a different elliptic 
matrix A or Lipschitz function tp, then 

\T 5 h F{x)-T h F(x)\< 
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R 



R 



F(y)(K S h (x,y)-K h (x,y)),dy 



\y\>R \x-y\ + \h\ 



dy 



Then 



\T 6 h F(x)-T h F(x)\<\\F\\ LHm _ RM 



lUr\(-r,r)) 



(n-T h )(F Xh R, R 



/ c 
< 11— + 



(n-T h )(F X( _ RjR) ) 



provided that |x| < R. 

If we choose to satisfy the requirements of ITheorem 6.3t and such that 

W T h - T h\\L 2 (-R,R)^L 2 (-RM) < > 
where 9 — > as 5 — > and R — > oo, then we will have that by lLemma 5.4} 

11^11x2 W) < II^U^-JM*) + + ^||F|| L2 < (C + 0)||F|| i2 + C/*. 

By letting R — > oo and 5, // — > 0, we will be able to achieve our desired result. 

We first remove the requirement (16.51) . Pick some A satisfying the other a priori as- 
sumptions (i.e. smooth and elliptic). For R > 1, let A^(x) = A(x) on (-R 2 , -R 2 ), = J 
if \x\ > 2R 2 , and assume that A^ is smooth and satisfies (16.51) . Let , K^, TP be T, K 
and T/j for the elliptic matrix instead of A. 

Then divAV(r x (F) - F^(Y)) = for Y = (y,s) with \y\ < R 2 ; therefore, \T X (Y) - 
T S X (Y)\ < C\ogR if \X\, \Y\ < R 2 /2 } and so 

|vr x (y) - VT S X (Y)\ < if \X\, \Y\ < R/A. 

So K^x, y) — Kfo(x,y) < C ^ if Fl> \v\ < an d ^ i s small. Therefore, 

11^(^2/) -^(^ ) 2/)IIl2(- j r, j r) < 

and so 9 = — — which goes to as R — > oo; thus we are done. 

We next remove the requirement that <p G Cq°- Assume instead that Hv^'Hl 00 < 



44 



Choose ip§ compactly supported and smooth with \\ip§ — ^Hl 00 < 5 on (—R,R). Then 



< 1^0*0 - <ps{x)\ a + \<p(y) - V5(y)\ a 

\x-y\ 1+a + \h\ 1+a 



which has Ly(—R, R) norm at most h a+l/2 ^ x e -^)> thus by forcing 5 very small in 

comparison with h, R, we are done. 

Finally, we relax from \\ip'\\ < Sq to \\ip' < ^0(7) fo r some real number 7. Fix some 

choice of e, cp and 7. Then Q = {X G R 2 : cp(X ■ e- 1 ) < X ■ e}. 

Define e = e ~7 e . If — 7||x°° is small enough, relative to I7I, then there is some ip 
Vl+7 

such that 

<p(X • e -1 ) < X • e if and only if <p(X ■ e^) < X ■ e. 

Applying ITheorem 6.31 to tp, we see that the layer potentials f± are bounded L 2 1— > L 2 . 
Therefore by ILemma 5.21 so are the potentials T±. But 7± = 7±, and therefore T± is 
bounded L 2 i-> L 2 . □ 

Now we wish to remove the assumption that <p — 7 must be small. This may be done 
exactly as in [131 Section 5]. Let 

A^(^o) = {y? : R 1— > R|there is a constant 7 G (—A;, k) such that ||<// — 7||loo < So}. 

We require < 5q < k. 

Lemma 6.7. Suppose that for some fixed choice of e and e^, we have that for every k > 
there is a 5o(k) > such that T± is bounded for every ip G A fc (<5o) with bounds depending 
only on A, A and k. 

Then T± is bounded on L 2 for any Lipschitz function ip with bounds depending on A, A 
and \\ip IIj^oo. 

Proof. We have the following useful theorems: 

Theorem 6.8. |T3l Theorem 5.2] Suppose that 5, k > 0, ip G A k (5), and I C R is an 
interval. Then there is a compact subset E C I and a function ip G A^ + TU (to^) sucn that 

• \E\ > 
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• <p>(x) = ip(x) for all x G E, and 

• Either —-^8 < tp'(x) < 5 a.e., or —5 < tp'(x) < -§8 a.e. 

Theorem 6.9. JT3[ Theorem 5.3] Suppose that K : R 2 i— > C 2x2 is a Calderon-Zygmund 
kernel with constants no more than Cq. Suppose that there is a constant 6 G (0, 1] such 
that for any interval /cR, there is a Calderon-Zygmund kernel Kj and a compact subset 
E C I such that 

• \ E \ > 8\I\, 

• For all x,y G E we have that Kj(x, y) = K(x, y), and 

• raii2^2<c 6 

where Tj is the maximal singular integral operator associated to Kj. Then 

\\T*\\ L 2^ L 2 <C(9)C 6 . 
From [Lemma 5.4l and following remarks, T is bounded from L 2 to L 2 if and only if T* 

is. 

Pick some <p G 

A k-S/9 (W-Sy If / C R is an interval, then by ITheorem 6.81 there is an 
E and a <pj G A (8) such that if Tj is as in f 1 2 . 2 2 j) with ip replaced by ipj, then 

• \E\ > — ^ 

• Kj(x, y) = K(x, y) for all x,y G E. 

So by ITheorem 6.91 if Tj is bounded on L 2 for all /, then so is T*. 

Thus, if ITheorem 6.21 holds for all functions (p G A^(5), then it holds for all ip G 
A kS/9 (W 6 y 

Let a n = J(l + (10/9) + . . . + (lO/g)^ 1 ) = (10/9) n - I. So if ITheorem 6"^! holds for 
all ip G A fc ~^((10/9) n 5), it also holds for all ip G A k ~ 6a n+i ((10/9) n+1 5), provided that 
k - 5a n+1 > (10/9) n+1 5. 
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Pick any k > 0. Let S(k) be the 6q given by ITheorem 6.61 so ITheorem 6.21 holds for 
all (p G A k {5 ). Let n(k) be the positive integer such that k > 25{k){lO/9) n W > (9/10)fc. 
Then ITheorem 6.21 holds for all 



<p G A fc ~^« ((10/9)^5) D A fc / 2 



Thus, for any k. ITheorem 6.21 holds for any Hv^'Hl 00 ^ (with constants depending 
on k). Thus, it holds for any Lipschitz function (p, as desired. □ 

Finally, we deal with the assumption that Aq is upper triangular with a-Q = 1. 
Consider the mapping J : (x,t) i-> (/(x),t + ^(x)) where X < f < A. Then f x (F) = 
rj(x)( J(K)) is the fundamental solution with pole at X associated with the elliptic matrix 

If we choose f'(y) = g ^ ^ (or, put another way, choose f~ l {y) = Jq a ii)> then we 

will have a?i = 1, and if we choose q'(v) = ^n~7T7^rr^ , then we will have aRi = 0. 
11 v ' aji (/(»)) 21 

But if y9 G A^(5q) for 5q sufficiently small (depending on A, A and k), where ip is the 
Lipschitz function in the definition of Q, then J(Q) will also be a special Lipschitz domain, 
and so T± will be bounded on it; thus, T± wil be bounded on Q, and so by lLemma 6 .71 we 
may build up to arbitrary Lipschitz domains. 




6.2 Patching: T is bounded on good Lipschitz domains 

Recall that we wish to prove ITheorem 6.11 

Theorem 6.10. If V is a Lipschitz domain with Lipschitz constants k^, then T and T are 
bounded L p (dV) i— > LP(dV) for 1 < p < oo, with bounds depending only on X,A,p, and 
the Lipschitz constants of V. 

In the following sections, we will show that T and T are bounded on special Lipschitz 
domains Q (that is, we will prove ITheorem 6 .21) . In this section, we pass to arbitrary good 
Lipschitz domains. 
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As in ISection 6.14 we work with T; the proof for T is identical. 

Proof. Note that if supp F C dU R dV, then T V F = T V F on <9C7 n dV. 

From IDefinition 2.21 we may partition dV as follows: there are hi points G 9V with 
associated numbers > 0, such that <9V C Uj5(Xj, r$) and B(X^, 2rj / )nV = B(Xf, 2rj)flf2j 
for some special Lipschitz domains f^. Let X/i^i be a partition of unity with supp 77^ C 
dV n 5(X Z , ri ), and let Fj = Frfo. 

Then 

•A\LP- 

i=l 

But 

WrV F i\\ LP (dV) = ^V^LPidVnBiXi^ri)) + ^V F i\\ifi(dv\B(Xi,2ri)) 

and 



But if |JQ - Y\> 2r z , then 



1^(^)1 



< 



dV 

c 



K{Y,Z)F l {Z) da{Z) 



\ X i ~ Y \ JdV 



\Fi(Z)\da(Z)< 



Cr 



1/p' 



\Xi-Y\ 



ill LP- 



But then 



\TF-\\ P < 



Cr 



p-1 



y 1 v J ^Wlp^+ / \Tn Ft\P da < CWFiWlr, 

Xi-Y \>2n \ X i ~ Y \ P J\X,-Y\<2r 4 1 



where C depends on the Lipschitz constants of V. 
Therefore, 

WTvFiWlpKCPWFiWlp 
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and so 



TvF\\ p LP < c p ^ k2 ^2 II^V^IIlp < y^^fo W F iW P rp ^ ^p,^!!-^ 



LP' 



i=l i 



□ 



Note that C„ 



/-„ does not depend on diam V. 



6.3 Proving ITheorem 6.3k preliminary remarks 



From [H p. 42], we have the following useful theorem: 

Theorem 6.11. Suppose that B\, B 2 : R 1— > C 2x2 are invertible matrices at all points, 
and suppose that || -Bi || z,°° ? II-^IIl 00 — Cl- 

Assume that there exist nonnegative reai smooth functions V{ with suppt^ C [—1,1], 



Suppose that the operator T : B\S 1— > (B2S)' has a Calderon-Zygmund kernel, the 
operator f 1— > BtT(Bif) is weakly bounded, and that the constants in the definition of 
weak boundedness and Calderon-Zygmund kernel are no more than C4. 

Suppose finally that T{B X ) and T\B2) have BMO norm no more than C5. 

Then T has a continuous extension to L 2 , and its norm may be bounded by a constant 
depending only on C\, C2, C3, C4 and C5. 

Note that if B(x) = f3(x)I for some scalar-valued function (3, and if v < Re/5(x) < 
\P(x)\ < N for some constants u, N > 0, then B satisfies (16.121) . 



TB E BMO is defined as follows: if Mq is a smooth H atom (that is, supp Mq C 
[x - #,^0 + \\Mo\\ L oo < and / Mq = 0), then 



f Vj = I, and \\vi\\ioo, H^H^oo < C2, and such that for all x G R and all t > 0, 




(6.12) 



(M ,TB) = (M ,T( V B)) + 



/ / M)0z)(-Ko(z,2/) -ifo(zo,y) )dx(l -r){y) )B(y)dy 



JrJk 



whenever 77 e Cq°, < 77 < 1, and 77 = 1 on [xq — 2R, xq + 2R]. 
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If B G L°°, then assuming supp^ C 3R } and taking xq = for convenience, we see that 
M (x)(K (x, y) - K (0, y)) dx (1 - V (y))B(y) dy 



R JR 

< / \M (x)\ [ ^^dx\\B\\ L oody<C\\B\\ LOO (6.13) 
At J\y\>2R \y\ L+a 

If T is bounded L 2 ^ L 2 , then since ||M || L 2 < \/VR, WvB\\ L 2 < \\B\\ L ooy/6R, 

Wo,TB)\ << (C+Cliril^^HSllioo. (6.14) 

Proof of \Theorem 6.S\ In lSection 6.41 we will find a matrix B\ which is bounded, invertible, 
and satisfies flBHSjl . By Lemmas [6TTg] and EHH1 / i-> B t Q T(B l f) and / i-> B t Q f t (B l f) 



are weakly bounded for am/ bounded matrix Bq. By Corollary 6.20 ||T£>i \\baiO aR d 
1 1 || BMO are bounded. 

By lTheorem 6.11} if B satisfies (I6.12p . then 

\\T\\ L 2^ L 2 < C + C\\TB l \\ BM0 + CW^BWbmq <C + C\\1*B\\ BM o, 
\\T\\ L 2^ L 2 <C + C\\f t B 1 \\bmO + C\\fB\\ B MO <C + C\\fB\\ BM0 . 

In lSection 6.71 we will find a Bg such that ^^(B^Wbmo 1S finite, and so we will know 
that ||T||^2 1 _^^ 2 ^ s finite- Unfortunately, our bound on T*(5g) will depend on such terms 
as A'; therefore, we will seek a better bound on ||T||^2 ( _^^2- 

In ISection 6.61 we will find bounded matrices B%,...,Bq such that Hr.63ll.BMO < 
CW^B^Wbmo and W^BqWbmO < C\\TB 5 \\ BMO , where S3, Bq satisfy EJl and B 5 is 
small (depending on \\A — AqW^oo = eg, H^'lli 00 — <^o)- This implies that 

11^11^2^2 < C + C\\T t B 6 \\ BM0 < C + C\\TB 5 \\ BM0 < C + C f ||T|| £ 2 1 _ ) . i 2||-B5||£oo 

<C+ (c + C\\fB 3 \\ BM0 ) \\B 5 \\ L oo <C+ (C + C||T*S 4 || BM0 ) \\B 5 \\ L oo 

< C + [C + C||T|| L 2^ L 2 H-S4IIZ, 00 ) II-65IIL 00 

< C + C||r|| x 2 1 ^.x2||-B4|| i cx)||S5||xoo. 

Since ||T'||^2 h __ > ^ 2 * s finite, if \\B^\\ is small enough then ||T||^2 ( _ > ^2 < C. 
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Furthermore, 



\\T\\ L 2^ L 2 < C + C\\TB 3 \\ BM0 <C + C||r*|| L2ML 2||S4|| L oo < c 

as desired. □ 

The remainder of this chapter will be devoted to establishing the facts used in this 
proof. We will consider only T+; the case for T_ is similar. 

6.4 A B for our TB theorem 

Recall (121281) : 



*i(y)= 011 7 J UwriMv) ^))\A+^) 2 

where ^(y) = £/ e_L + ^(y) 6 ) 



In this section, we will show that B\ satisfies (16.1 2D . 
Recall that we have changed variables such that 

a ll = a 2l = °- Let 

v 7 \ ^ 2 (^i(y))Vi(y) 

Then is near £?]_. We first show that, for any interval /, -fj Bq is invertible with bounded 
inverse. If \\A — Aq\\ is sufficiently small, this will imply that j-j Bi is as well. 
If A is elliptic, then 

Re an > A, Re 022 > A, \a\2 + «2l| < 2a/ (Re an — A) (Re 022 — A) 

and so 



|a? 2 | < 2 



^/(1-A)(a° 2 -A). 
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Then, if I = (a, b) , we have that 

det f Bo=det [ b H2(y)^UMy)Wv) m) dy 

Ji Ja \ a° 22 (My)Wy) ^ 2 (y)J 

b rb f f b 2 

^2(y) d y / a ^ 2 (My))^i(y) dy - / ^y)dy 



a J a 

b r b 



a J a 



ip[(y)dy I a% 2 (*Pi(y)Wi(y) dy 
•V»l(6) 



(^2(6) - Ma)) I a° 12 (y) dy - (Mb) - Ma))' 
(V>i(6)-Vi(a)) / 4^)*/ 

J-0l(a) 

<™(/ .. a\ 2 (y)dy) -(l-l)mb)-Ua)? 



V>i(a) 

- A (Mb) - Ma)f - (Mb) - M^) I riX "'(4i(l/) - A) ,/// 

< - (l - (^(6) - Ma)f ~ A (^1(6) - Ma)f 

1 n \ 2 f fMb) r~ N 



We have that 

/ \a° 12 (y)\dy< 2J(l-\)(a° 22 -\)dy< V4^4A / 

and so choosing 26 1 = 4 — 4A, we have that 



det B < —X (Mb) ~ Ma)) 2 - A (^1(6) - ^i(a)) 2 = -A|V>(&) - ^(«)| 2 < -A|/| 2 . 
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Note that det (M + iV) = det M + det iV + 0(|M| * \N\). So if \\A- A \\ L oo < e , then 
Redet^-Bi < -A + Ce . 

So det^jS^ > A — CtQ. But (16.121) requires a smooth truncation of B\. 
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Lemma 6.15. Suppose that B : R i-> Cr X/! satisfies |£ • 5(x)?7| < A|r/||^| for ail x G R , 
77, £ G C 2 . Assume further that 



> A 



(6.16) 



for all intervals I C R. 

Then there is a smooth real function v, with 0<v<l, jv = l, suppw C [—1,1], arid 
\\v'\\ < C(A, A), such tiat if^(x) = \v (§), then |detS * v t (x)\ > A/2 for aii t > and aii 
x G R. 

Proof. Choose some i> such that u = 1 on ( — tj, 5 J , supp v C — 5 — //, ^ + // , and f v = 1, 



\v || £00 < J for some positive real number /i < 1/2 to be determined. 
Then 



vt*-B(ar)= / v t (x - y)B(y)dy 



1 p+V 2 1 

- / B(y) dy+- 

t Jx-t/2 t Jt/2<\x-y\<t/2+t f i 



B(y)v [ X -^ L )dy 



and so 



x+t/2 

ut*S(x)--f B(y)dy 
x-t/2 



< 2fi\\B\\ L oo. 



Therefore, 



detvt *B(x)\ > A - C/i||S|||oo. 



So if n < A/CA 2 , then Re det v t * B(x) > A/2 for all x. 



□ 



6.5 T and T l are continuous and weakly bounded on B\S 



For real A, this is shown in [T3] . in Lemmas 4.3, 4.7, 4.8, and 4.10. We now prove weak 
boundedness in the complex case. 

Definition 6.17. A function F is called a normalized bump function if supp F C -B(Xq, 10) 
for some Xq, and 

|<9 a F(X)| < 1 
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for any multiindex a with \a\ < 2. For such a function F, let Fr(X) = jjF(X/R). 

If there is a constant C such that, for any R > and any normalized bump functions 
F and G, the equation 

\(G R ,PF R )\<^ 

holds, then we say the operator P is weakly bounded. 

Lemma 6.18. The operator T is a continuous linear operator from B\S to (BqS) for any 
bounded Bq. The operator F i— > BqT(B\F) is weakly bounded; in fact, \\T(BiFji) \\^oo < 
C/R for any normalized bump function F. 

Proof. We know that T±F(x) is pointwise well-defined from lLemma 5.2l and that if / G L°°, 
f G L°° and / G L? then the limits in the definition converge uniformly. Recall that 

Bi(y) = (B^iy))*)- 1 (AMyMy) r(y)) y/l + ^y) 2 . 

Choose some F,G G 5 2x2 (that is, matrix- valued functions whose components are all in 
S). We wish to show that (BqG,T(BiF)) exists, and that 

\{BqG,T(BiF))\ < C\\F\\ S \\G\\ S - 



Recall that 



{BqG^BxF)) = lim / / G(x) t B (xfK h (x,y)B 1 (y)F(y)dydx 



Now, the components of 



K h (x,y) Bl (y) = * (aJ '* 5 , . (AMvMv) r(y)) yjl + <f/(y)* 



are 

d -T u „„j d i^T 



Let / be a component of F. We need only show that 

h% J R f{y) dy T ^ x ^ ^ {y)) dy > h% J R f{y) dy f ^ h ) Wy)) dy 

54 



are bounded by C||F||5 and converge uniformly in x, and that if F — Fr for some normal- 
ized bump function F, then those integrals are at most C/R. 
Now, for any number R > 0, we have that 



I 

S\x— 



f d 



+ 



\x-y\>2R 



rx+2R ^ 

'x-2R f{ - V) Jy V ^ h )^ y))dy 



+ 



-^ r TP( X ,h)(^(y)) d v 

■x+2R j 
r-2R ^- f ^dy T ^ {m)dy 



rx+2R d 
L-2R d-y T ^ my))dy 



< ll/llxoo 



:+2R 



rx+2R ^ (j 

ll/'IU 00 J x 2R -^ T ii(x,h){i>{y)) \x-y\dy+\\f\\ L \- 



< 



C||/|| L oo + C7i2||/ / || L oo + ||/|| L i^ 



Picking R — 1, we see that this is bounded by the Schwarz norm of /, and if F — Fr where 
F is a normalized bump function, this is clearly at most C/R. 
Similarly, 

d ~ 



exists, converges uniformly in x, and is at most C/R provided F = Fr for some normalized 
bump function F. □ 

Lemma 6.19. The operator T l is a continuous linear operator from B\S to (BqS)' for 
any bounded B . Also, F ^ B^BiF is weakly bounded; in fact, {^(BiF^Wloo < C/R 
for any normalized bump function F. 

Proof. Fix F,G E S 2x2 . Again, we wish to show that (BqG, T l (BiF)) exists and is 
bounded, and that if F — Fr, G = Gr for some normalized bump functions F, G, then 
\(BoG,f t (BiF))\ < 1/R. 
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Now, 

(BoCfiiBiF)) = lim / G(x)B (x) [ k h {y,x) t B l {y)F{y)dydx 

But 

K h (y,x) t B 1 (y) = _ Jf^ . , J (^(v)Mv) r(y)) ^ + V^) 2 - 

We may deal with the + ^(y) 2 V r fJ (2/) (^(x, /i))-r(y) = d_V^ {y p{x, h)) as before. 
We are left trying to show that 

\rm ± J u ■ A T ^(y))V Y fl {y p(x, h))f(y)yjl + V '(y) 2 dy 

is bounded and converges uniformly in x, for any / a component of F. 
But this integral is 

v{Y) ■ A T (Y)V Y f Y (^(x, h))f^-\Y))da{Y). 

an 

Let m e Cq°(R) with m = 1 on (— R — R\[ip'\[ipo,R + it^^'H^oo), and < m < 1, 
suppm C (-CR, CR), and |m'| < C/i?. Let u(ip(y, t)) = f(y)m(t+(p(y)), so ■u(ye- L +te) = 
f(y)m(t). Then if ±/i > 0, then 

/ v{Y) ■ A T (Y)V Y f Y ^(x, h))f^-\Y))da(Y) 

Jon 

V • (A T (Y)V Y f Y rfF 
= T / A T (F)V r ff (V>(x,/i)) • Vw(F)dF 

Since |Vu| is bounded and in L 1 , and since V y F^(X) e L l (B(X,R)), V Y T Y (X) e 
L°°(B(X, R) ), this integral is also bounded, and the limit as h — > + converges uniformly 
in x. Thus, we have shown that T* is continuous on B\S. 

Furthermore, if / is a component of a normalized bump function, then | supp/| < CR, 



'an 
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1/1 < C/R, \ f'\ < C/R 2 , and so 

/ u(Y) ■ A T (Y)V Y f Y ^(x, h))f^-\Y))da{Y) 
Jon 

= [ A T (y)V r f y (^(x,/i)) -Vu{Y)dY 

Jn 

^ / iv 7T^X\T2 dY ^ / -^2npdp<C/R 

7 supP V« \Y-i/){x,h)\R 2 Jo R l p 

and so if F = Fr where F is a normalized bump function, then \T t (BiF)(x)\ < C / R. 
So F i— > BqT (BiF) is weakly bounded as well. □ 

Corollary 6.20. \\T{B X )\\ BM0 < C, ||r*(Si)||BMO < ^ 
Proof. Recall that 

T±F(x) = lim / ^ {XM ) ' B Q {i,{y)) t F{y)dy, 

and that if Mq is a smooth if atom and 77 G Cq° is 1 in a neighborhood of its support, 
then 

(M ,TB) = (M ,T( V B))+ [ [ M (x)(K {x,y)-Ko(x ,y))dx{l-r}(y))B{y)dy. 

By (16.131) . the second term on the right-hand side is bounded in terms of A and A, so 
we need only bound (M ,T(r)Bi)) and (M ,f t (7]B 1 )}. 

In fact, we need only bound \\T(j]Bi) ||^oo and || X 1 * (77.61 ) || - If suppr? C B(xq,R), 
then 77 = -R-Fr for some normalized bump function F, and so this follows immediately from 
ILemma 6.181 and ILemma 6.191 □ 

6.6 The transpose inequalities: controlling 1 1 T± (B2) \\ bmo 

In the proof of lTheorem 6.3l in lSection 6.31 we promised to produce functions B3, B^, B§, 
Bq such that B3, Bq satisfy ( 16.121) . S4 is bounded, and B§ is small provided eg, Sq are, and 
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such that 



\\TB 3 \\ BM0 < CWT'B^bmo, ||T'5 6 ||bMO < C\\TB 5 \\ bmo . 
Recall that 



T ± F(x) = lim / (I^^^^J B 6 (m) t F(y)dy, 

T' ± F{x) = lim / ^ BM{v,hy?F{v)dv t 

By pi)} . T± = and T± = f^; it will be easier to work with (T')* and f not T t . 

Suppose that B%(x) = (3{x)I for some scalar-valued function /3 with 1/C < |/3| < C. 
Then to show that \\(T') (B2)\\bM0 — C ■, we need only show that for each R > 0, there is 
some r\ G Cq°(R) with r\ = 1 on (— -R, i?), such that 

is bounded for arbitrary h ^ and |x| < i?/2. 

But tfj^a;)* = B 6 (iP(x,h)) (w^ {y p(x, h)) VrJ (y) (^(x, fc))) and so we need only 
bound 



VrJ (2/) (^(x,-/i))/3( 2 /)r 7 (y)^= y V x r ij , {x _ h) ^{y))l3(y)v(v)dv- 
Similarly, to bound \\T' ((3I)\\bmOi we need only bound 

Vxr% {Xth) Mv)MvWv)dv- 
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If X & U and / G Cq°(R ), then the divergence theorem tells us that for any U C R/ 

-/(*)+ / r x v-(A T v/)= / r x v-(A T v/)+ / jv-avy x 
Ju Ju Ju c 

+ [ Vf-AVT X + [ Vf-AVT X 
Ju Ju c 



lu Juc 

[ V • (T x A T Vf) + f V • (fAVT x ) 
Ju Ju c 



and so 



-f{X)+ f T x V-(A T Vf)= f Y x u-A T Vfda- [ fu-AVY x da. (6.21) 
JU JdU JdU 

Let X = if)(x, — h), with |x| < R. Then, by taking the gradient in X of (16.211) . we have 
that 



Vj r x (Y)W ■ (A T (Y)Vf(Y)) dY - Vf(X) 



= V X / T x (Y)vA T {Y)Vf{Y)do(Y)-V x / /(!> ■ (A(Y)VIMY)) dtr(y) 
We may simplify this: 

V x f fvAVT x da = V x f fU>(y))u(y) ■ (A(^(y))VT x (^(y))Jl + ^{yfdy 

Jon Jr v 

= -Vx [ f(i>(y))r(y) ■ Vf x ^{y))y/l + ip'ivfdy 



R 

Vx?x{->Kv))-ffMy))dy 

R dy 



and 



/ V x T x vA T Vfda= [ V x Y x (il>{y))v{y) ■ A 1 \^{y))V f^{y))J 1 + ^(y) 2 dy 
Jdn Jn v 
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So 



J nC V X r x (y)V • (A T (Y)Vf(Y)) dY - Vf(X) 

= I Vx^xMyMv) ■ A T ^{y))Vf^{y))sJl + V '{yf dy 

- / V x r x (i>(y))^-f(ij(y))dy 
JR dy 



Let f(y,s) = (£s + m(y))p(y)p(s), where m'(y) = ^~^yf , for some constants £, C, 
where priori (-R, R), p e C°°(-R -1,R+1), and \p'\ < C, \p"\ < C. 
Then 

Z J \p(y)p / (s) / 



and so 

( 



A T (y)Vf(y,s) = 

+ (£s + m(y)) 



\a 12 (y y ^If' +Za 22 (y)> 



/ an{y)p'{y)p{s) + a 2 i(y)p(y)p'{s) 
K a i2(y)p'(y)p(s) + a 22 {y)p{y)p'{s) 



and 



/(^(j/)) = f(y e 2 + ¥>(j/)ei, -yei + (p(x)e 2 ) 

= (^(y) e 2 - &/ei + m(ye 2 + <p(y)ei))r](ye 2 + ip(y)ei)r](ip(y)e 2 - ye x ). 

Thus, V • A T {Y)Vf{Y) = except on U R , where U R = {{y, s) : R < \s\ < R + 1 or 
R < \y\ <R+1}. 



60 



So 



j^ c d Xi Y x {Y)V-{A T {Y)Vf{Y))dY 



' C-&2i(y) \ 



Ju R nnC y % J \p(y)p'(s) 

+ [ r d Xl T x {Y){is + m(y))V • A T (y) ( P '^ p{s) ) dy 



dyds 



ds 



= O(A,A,C,0 

+ / V- (d x T x (Y)(Zs + m(y))A T (y) (^^X) dyds 
Junnn c \ \ov)o's) 



f V (d x .T x (Y)^s + m{y))) ■ A T (y) ( P (y)p(s) ) dy 
Ju R nnC { * x[ W)>) \p(y)p'(s)J 

= O(A,A,C,0 

- / d Xi r x (Y)(£ S + m{y))v ■ A T (y) K ] dyds 

- / V (^.r x (y)(^ + m{y))) ■ A T (y) K ] dyds 

Ju R \p(y)p'(s)J 

= O(A,A,C,0 



since |v x r x (y)| < C/|X - y|, \V Y d Xi T x (Y)\ <c/\x- Y\ 2 . 
Let ?7(y) = p(i/>i(y))p(i/>2(y)). 



ds 
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Then 



t ) 



r dy' 



- / V x r x (^(y))^(y) ■ A T (^(y))Vf(^(y))y/l + <p'(y) 2 dy 

O(A,A,C,0 + / v x f x (v>(y))0i(y,C,£)rfy 
Jr 

+ [ V x r x (ij{y))[3 2 (y,(,Ody 
Jr 



where 



0l(y,C,£) = &{v)e2 - Cei + C ^^ )) ( V '(y)e 1 + e 2 ), 

Mv, C, = C(ei - V? U/ e 2 + t-^^t (y> (i/)ei + e 2 

011(2%)) 

Define 03, . . . , 0g as folows: 

A 4 



/?3(2/) = 01 ( y, ^3"e 2 , -eij = (ei) - (p (y)eie 2 + ^7g\ {<p 



(if (y)ei + e 2 ) 



4 



A' 

04(2/) = 02 ( y, ^3-e 2 , -ei 



A 4 , , 2 A 4 f^e 2 ai 2 (j7) -eidetA(y) 

= -TT^ 1/ e 2 +To-e!e 2 + ^ t- (i/)ei + e 2 ) 

A d A d ail(y) 

0s(y) = 01 (y, ei, e 2 ) = ^'(y)e 2 , - e 2 ei + — — 62 °? 1 ^ (<p'(y)e\ + e 2 ) 

ail(y) 

a t \ a / \ 2 / / \ . eiai2(y) + e 2 detA(#), , 

0612/) = 01 (y, ei, e 2 ) = e x - ^ (y)eie 2 + — r (y)ei + e 2 ) 

«ii(y) 

where y = V'i(y)- 
Then if 5 Z = I0 i; 

ll^sllsAfo < C + CIKT^IIbajo, llrt^ellsMO < C + C\\f'B 5 \\ BM0 
as desired; we need only show that S3, £>g satisfy (16.121) . B§ is small and all the are 
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bounded. 

Note the following: 

• /?3, ■ ■ ■ , Pq are all bounded by a constant depending only on A, A. 

• If 1 1 ip' 1 1 loo is small enough, then 

a , s , ^2 TJ( e 2) 2 + eie 2 a 2 i(y) 

fo{y) ~ ( e i) + — 



and so 



Re/3 3 (y) > (ei) 2 + ^(e 2 ) 2 - |eie 2 |y > \ 



since e 2 + e 2 , = 1. 



Similarly, if Hv'llioo is small enough, then 

Pe(y) ~ ~7~-T f a ll(^)( e l) 2 + «12(y)(eie 2 ) + (e 2 ) 2 det 
and if ||A — Aq\\ is small enough, so that an pa 1, a 2 i ~ 0, then 



so Re /%(</) > Aj. 

• Finally, if Hv'Uloo is small, and if \\A — Aq\\ is small, so that an pa 1, a 2 i ~ 0, then 

= — feie 2 (l - an) + ^'(e 2 a ll + e l ~ eie 2 a 2 i) - e 2 a 2 i) 
an v - J 

is also small. 

6.7 IITH^^^ is finite 

In this section, we establish that ||T|| i 2 H ^^2 is finite; this allows us to use results of the 
form \\T\\ L 2^ L 2 < C(A,A) +e||T|| L 2^ L 2 to show that \\T\\ L 2^ L 2 < C(A,A). 
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Note that we can only prove this under our a priori assumptions that A and ip are 
smooth, and that for some (large) Rq, A(y) = I and (p(y) — for \y\ > Rq. While the 
following analysis will yield a bound on ||T|| i 2 H ^y y 2, the bound will depend on A', ip" , 
Rq, and (if e 2 0) thus, the previous analysis was necessary (it yields a bound 

independent of these ugly quantities). 

We assume 5q < 1/2, so that IMIl 00 < Ro/2. 

First, we consider the case where e 2 = (that is, we are working in a domain that looks 
like the left or right half-planes). Then either e\ — 1 or e\ — — 1; we consider only the case 
where e\ — \. Let 



f(x,t) = / —dw 

Jri(x)(p(t) a m w > 

where rj = 1 on (-Rq,Rq), rj = on {-2Rq, 2Rq) c , and \r/\, \rj"\ < C(Rq). Then 

r(fi(y)+s y 

f(i>(y,s)) = f{<p{y) + s,y)= — r^ dw 



and 



ri{<p{y)+8)<p{y) «llH 



Vf(x,t) 



v/W»,«)) = 



au(ri(x)ip(t)) 
1 v' (<p(y)+s)f(y) 



r]((p(y)+s)(p'(y) 



Note that if \t\ > Rq or \x\ > 2Rq, then Vf(y,s) = (l/a n (y) o). 
So 

1 v'(x)tp(t) 

A T (x)Vf(x,t) = [ ail[X) " 2llIJ l W M^M*I) 
,ai 2 (x) a 22 (x) 




V(x)p (t) 



a n (ri(x)<p{t)) 

Therefore, |V • A T V/| < C(i? , W'Wl 00 , P'lli 00 ), and if M > ^0 or \y\ > 2 ^0, then 
V-A T (y)Vf(y,s) = 0. So 



^ c V X T X (Y)V ■ (A T (Y)Vf(Y)) dY - Vf(X) 



< C(Rq, ||</?"||l°°, IIA'llxoo) 
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Now, recall that 



/ V X F X (Y)V ■ (A T (Y)Vf(Y))dY -Vf(X) 
Jn 

= I V x Y x ^{y))v{y)-A T ^{y))Vf^{y))sJl + V '{yfdy 
JR 

- I v x r x (i>(y))^-my))dy 

JR dy 



Then 



V x f x ^(y))-^-f^(y))dy = 
R dy 



and 



dy 



I VxFxMvMv) ■ A T ^{y))Vf^{y))sJl + ^{yfdy 
JR 

= [ V x r x (4>(y)) 1 ( 7 1 ] .A T {1>{y)) 

Jr aiimy)) \<p'(y)J \- ( p (y) / 

So 

\\T\B 8 )\\ BM0 < C(X,A,R , \\A'\\ L oo, y"\\ L oo) 

where 

Thus, under our a priori smoothness assumptions, ||T|| i 2 H ^y y 2 is finite. 

Now, consider the case where C2 7^ 0. Note that if \x\ > -Ro/l e 2|? then ip(x) = and 
ip(x) = (xe2, —xe\) and l^l^)! — \ xe 2\ > -^0) so A(i[)(x)) = I. 

Assume that R\ > -Ro/l e 2| is so large that if \x\ < -Ro/l e 2| an d \t\ < Ro, then \tp(x, t)\ < 
Rl, and also that if \ip(x,t)\ > R\ for some \t\ < 1, then |^i(x)| > Rq. 

Choose T] £ C°° such that rj = 1 on (-#1, #1), r] = on (-2i?i, 2 J Ri) c ', and |t/|, \rj"\ < 
C(Ri). 
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Let 



f( X ,t) = e 2 t + (!-*)) / "-W' j. 
+ 77(t) (eix - y?(e 2 :r - eit)) + r)(t)e\RQ. 

Note that if |x| > i?o, our a priori assumption J^r q 61 "a^" 21 — 2-Ro e l means that 

/(x, t) = e 2 t + eix + eii?o - v( t ) l fi( e 2X - e\t) 
So if \y\ > Ro/\e2\, then ip(y) = 0, so 

/(V'(y)) = /(-ye 2 , 2/ei) = ei.Ro - v(yei)tp(y) = ei-% 
Conversely, if |y| < i?o/|e 2 |, then \ip(y)\ < R\, and so 77(^2 (y)) — 1> an d so 

/(^(j/)) = /(l/ e 2 + ^(y)ei, -yex + y?(y)e 2 ) 

= e 2 (-yei + <p(y)e 2 ) + ei(ye 2 + ^(y)ei) - </?(y) + ei-Ro = ei-% 

So / is constant on <9f2. 
Now, consider 

v/(x ^ = " ^(^)) ei 7 1 2 1 (g (X) + + ^(OvW - eit) N 

e 2 - eir](t)ip / (e 2 x - e\t) 



+ v'(t) 



-Rq an(«;) 
If |t| > 2i?i, or if I eit — e 2 x\ > Rq, then 





~ f-Rn e KnT(w) W) dw + e l x - V>( e 2X - erf) + eii? 



v/om) = [ a n( x ) 



e 2 



and so divA T (x)V/(a;,t) = 0. So div A T Vf is zero outside a bounded set. Clearly, it is 
bounded in this set by a constant which depends on A', <p", Rq, A, A. 
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If \t\ < R\ or \x\, \e\t — e 2 x\ > Rq, then 

Y?f( *\ fei + e 2 (p , (e 2 x-e 1 t)\ ± 
V/(x,t) = ] = e + V (e 2 x - eit)e^ . 

\e 2 - e\(p {e 2 x - e\t) J 

Note that by definition of R\ if (x,t) = i>{y,s) for any \s\ < 1, then either \t\ < R\ or 
\x\, \e\t — e 2 x\ > Rq. So this is true near dfl. 
Now, recall that 

J nC Vir 1 (y)v • (A T (Y)vf(Y)) dY - v/po 

= / V x T x ^(y))v(y) ■ A T ^{y))Vf^{y))sJl + V '{yf dy 
r A 



Since \V X T X (Y)\ < C/\X - Y\, ^f(^(y)) = 0, and div A T V f is bounded with 
compact support, we have that 



V x T x ^(y))(e + (f '(y)e ± ) ■ A T ^(y))(e + (f '(y)e ± ) dy 

R 

<C(\,A,R ,l/\e 2 \,\\A'\\ L oo,y\\ L oo) 

Therefore, 

W^B^Wbmq < C(\,A,R A/\e 2 \, \\A'\\ L oo, \\<p"\\ L oo) 

where Bg(y) = /((e + tp'(y)e- L ) ■ A T (ijj(y))(e + tp'(y)e- L )) is bounded with bounded inverse 
for H^'lli 00 small enough. Thus, ||T||^2,_^^2 is finite. 
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CHAPTER 7 

USEFUL THEOREMS INVOLVING LAYER POTENTIALS 

ON H 1 



We have now shown that T is bounded on L p (dQ). By lTheorem 5.5| 

\\N(Vf)\\ LP < \\f\\ LP , \\N(VSg)\\ LP < \\g\\ LP . 

We will eventually find ourselves wanting to interpolate from L p to H 1 ; thus, we would 
also like to show that T, /C and C are bounded on if 1 . 

7.1 Boundedness of layer potentials on H 1 

We begin by proving a lemma: 

Lemma 7.1. Suppose that f e L^(dV), V is good Lipschitz domain, and assume that for 
some C3, R, a > 0, p > 1, 

J dv fd* = 0, Wf\\LP(dV) < J f(X)(l + \X\/R) a da(X)<C. 

Then f is in H\dV) with H 1 norm depending only on C3, p, a and the Lipschitz constants 
ofV. (Specifically, not on R.) 

Proof. Since we can parameterize dV by arc length, it suffices to prove this in the case 
where dV = R. 

Let be a Schwarz function with J 7^ 0. Recall that / G H if 



sup 

t 



m\<t> ) dy 



dx 



is finite, and that its if 1 norm is comparable to the value of this integral (with comparability 
constants depending only on 0). 
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Now, note that the inner integral is at most C ( pMf(x). So 



i</?l/ /(y) M^) 



dx<C [ Mf(x) dx < C(2R) 1 / p '\\Mf\\ L p 
J\x\<R 

<C p R l - l lv\\f\\ LP <C p . 



For simplicity, assume that <p(x) > for all x. Then if \x\ > R, 



J Ml 



+ / + 

M<M/2 y|a r |/2<| I /|<2|a;| -/2|a;|<|y| 



Now, 



/ /(y)7 
%l<M/2 * 



C 



< 



H<N/ 2 l/fe)l nSf* 



l/(y)IM , 
|y|<N/2 Fl 



!!! " dy<v^J \f(y)\\y\ a dy< 1 M 



X 



X 



1+a 



and 



2|x|<|y| t \ \ t J \t 



< 



2\x\<\y\ t \\y-X 



Fl/ ^2|x|<|y| \x\ l+a \x\ L+a 



and similarly 



/ f(y)p 

J\x\/2<\y\<2\x\ t 



< 



CR a 
\ x \l+a ' 



But f\ x \> R ffi«dx<C. 
So we need only bound 



L 



sup 

x\>R t 



./|a;|/2<|y|<2|a;| 1 \ 1 



dx. 
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But this is equal to 



£ / u i , SUP / /(S/)t0 ( -T^ ) ^ 

^ J2 fc 1 i?<|x|<2 fc i? t y|a:|/2<|y|<2|a;| t \ f J 



dx 



<E/ k1 , sup / l/^fVO dydx 

^J2 fc - 1 i?<|a;|<2 fc i? i J2 fc - 2 i?<|y|<2 fc + 1 i? * V * / 

oo „ 

<E/ tl t CMf k (x)dx 

J2 k - 1 R<\x\<2 k R 



k=l 



where /^(x) = /(x) if 2 fc 2 i? < |x| < 2 k+1 R and /^(x) = otherwise. 
Now, 

p poo 

Mf k (x)dx= / A(/?)d/J 

J2 k - 1 R<\x\<2 k R JO 

where A(/3) = |{x : 2 k ~ l R < \x\ < 2 k R,Mf k (x) < (3}\. 
Note the following three upper bounds on X(/3): 

• A(/3) < 2 k+l R. 

• Since / h-> Mf is weak (1, l)-bounded, A(/3) < £^11^1 < _C_ 

• Since / h-> M/ is strong (p, p)-bounded, A(/3) < ^fi^ < ^g^. 



So 



poo r l/2 k+ka R r 2 ka /(P- 1 )/R poo 

/ HP)W= / \((3)d(3+ \((3)d(3+ \{(3)d(3 

JO Jo Jl/2 k + ka R J2 ka /(P- 1 )/R 

r l/2 k+ka R r 2 ka /(P-V/R r 

< / 2 k+1 Rd(3 + / 

- 7 Ji/2 k + k <*R 2 ka (3 

poo ft 

+ / i — d/3 



l 2 ka/(p-l) /R RP-^P 



Summing from fc = 1 to infinity gives a finite number depending only on p and a, as 
desired. □ 
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We use this lemma to show that /C*, & are bounded on . 

Theorem 7.2. IfV is a good Lipschitz domain, then K?± and £} are bounded H^(dV) >— > 
H^(dV), with bounds depending only on A, A and the Lipschitz constants ofV. 

Proof. Suppose that / is an atom in if 1 (dV). 

Then / / da = 0, supp / C B(Xq,R), cx(supp/) < 2R, ||/||xoo < 1/R for some Xq e 
R 2 and R > 0; without loss of generality we let Xq = 0. 

We intend to use lLemma 7.11 to show that /Cj./, £*/ is in 

First: if 1 < p < oo, then 

ll^y/lliP^)' 11^/11x^(7) - C p\\f\\LP < Cpi? 1 /^ -1 . 

Next, if |X| > 2i2, then 



VS T f(X)\ 



dV 



V x T x (Y)f{Y)da{Y) 



[ V x (T x (Y)-T x (0))f(Y)da(Y) 
JdV 



< 



CR 



a 



\x\ 1+a 



So 



/ \K v f{X)\{l + \X\/RT' 2 da{X)< f 
JdV Jd 



-^(\X\/R) a / 2 da(X) 



\K* v f{X)\da{X) 

ldVf]B(0,2R) 
<C + CR 1 - l /v\\K! v f\\ L p <C. 



dV\B{Q,2R) 

+ c 



Similar results hold for ICy , C t . 

We need only show that J K} f do = J C f da = 0. For bounded domains, this is simple: 

/ C v f(X) da{X) = [ r ■ VS T f(X) da{X). 
JdV JdV 



By continuity of S f this must be zero. 
Also, 

Ktf{X)da{X) = 



dV 



v A T VS T f(X)da(X). 



dV 
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But this must be zero, since div A T VS T f = on R 2 — dV D V. 

Bv ILemma 8TTT1 K? + f - K*_f = /, so fgytf+fda = if / e ff 1 ^). A similar 
argument holds if V is bounded. 

Conversely, if V = Q is a special Lipschitz domain, then 

S T f(X)= [ T x {Y)f(Y)da{Y) = f (T X (Y) - F x (X ))f(Y) da{Y) 

Jdn Jon 

and so if \X — Xq\ is large enough, then 

,T.» — ■ /" l-X" — V| 1 . „ rt . CR 



s J / ,' ' -d<r(Y)< 



supp/ 1^ - ^ol -R l^-^ol 

and so C*f(X) da(X) = J dn r ■ VS T f(X) da{X) = 0. 

Now, let n G C^(B(X ,2r)) with 77 = 1 on B(X ,r) and |Vr?| < C/r. Then 

/ v (X)K* ± f{X) da{X) — T [ v{X> • A T VS T f(X) da(X) 



=F / Vr/(X) • A T VS T f{X) dX 



= T I V77PO • A T VS T f{X) rfX 

ifi T nS(X ,2r)\i?(Xo,r) 

So 

r ] (X)JC t ± f(X)da(X) 



on 



\X 1+a ~~ r a 



B(X ,2r)\S(X ,r) H 



since |V5 r /(X)| < r^pf^ f° r \X\ > 2R. Since this goes to as r — > 00, we know 
So, applying ILemma 7.11 we are done. □ 



7.2 Nearness to the real case 

Theorem 7.3. Let V® be the fundamental solution for Aq, and let K®, = Ty he defined 
as in S2Hft) and fiZT7\) . but with T, A replaed with T°, A Q . 
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Then if \\A — AqW^oo is small enough, then \\T — T^W^p^^p < C p \\A — AqWj^oo, ||T* — 
(T )*||^i^^i < C\\A — AqII^oo, where the constants C P ,C depend only on p and the 
ellipticity constants of A,Aq. 



2 e 0> 



Proof. If F G L p (dV), then by lTheorem 5.5\ we have that so is N(TF). 

Let A z (x) = (l-z)A +zAi(x) = Aq(x)+z(Ai(x)-Aq(x)), where H^o-AiH^o 
where eg is the constant in lTheorem 6.11 and A = A e for some real number e G (0, 1). It is 
easy to see that A z (x) is uniformly elliptic in both z and x for x G R, \z\ < 2. Note also 
that A z is analytic in z. 

We may define T z } K z , T z by analogy with T°,K°,T°. 

In ISection 4.61 we showed that Ty{X) is analytic in z provided A z is. Therefore, so is 
K z , and therefore, if F G L 2 , so is T Z (X) = J dv K Z (X, Y)F(Y) da(Y). 
So 



{T Z F(X) - T W F{X)) = (z- w) 



7<F(X)( 
2?" JdV \ 



(C- Z )((- W ) 



d( 



and so 



sup \r z F{X) -T W F{X)\ 



lP 7 (dV) 



sup 



< \z — w\ 



(z-w)^-J T<F(X)( T ^ 

I sup \T^F(X)\dC 
JdV Xe^(Z) 



d( 



LUdV) 



C 
2^ 



< \z — w\ 



C 



2vr Jdv 
< \z — w\C p \\F\\lp. 



X^{Z) 

sup \T^F(X)\ 
Xe^(Z) 



L p z {dV) 



d( 



L P 7 (dV) 



Therefore, \\T Z - T W \\ LP ^ LP < C\z - w\. But A = A 2llA _ 



2||i4-^o|| L oo/e 



so 



IT — T 



ILP^LP 



< c 



2 1| A — Aoll^oo 
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Similarly, / (T h - T°)F(x - x )(l + (x - x )/R) a dx < C if F is an atom supported on 
(xq — R, xq + R), and so as in the proofs of lTheorem 6.101 and ITheorem 7.2\ we have that 



l|£ - ICo\\ L p^ L p, ||£ - CoWlp^lp, ||£ - JC \\ H i^ H i, \\C - £o\\ H i^ H i 

<C\\A-A \\ L oo 

provided \\A — AqW^oo is small enough. □ 
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CHAPTER 8 
INVERTIBILITY OF LAYER POTENTIALS 



Recall our goal: to prove that if p is small enough, then for any g G LP D H (dV), there is 
some u such that 

divAVu = 0, \\N(Vu)\\ < C p \\g\\, and v ■ AVu = g or r ■ Vu = g on dV (8.1) 

with norms taken in either LP or H^. 

By lTheorem 5.51 Corollary 5.7 ITheorem 6.101 and ITheorem 7.2\ if 1 < p < oo, then 



l|iv(p/)|| L p < qpH/Hxp, ||iv(V5 T /)|| LP < c p \\f\\ LP , \\N(vs T f)\\ Ll < c p \\f\\ Hl . 

Recall that v ■ A T VS T f = -K*_f, r ■ VS T f = C f f. So if we could find a / G LP n i/ 1 
such that ll/H < C\\g\\ and g = —Kf_f or g = C j, then we would have a u = Sf which 
satisfied (jO . 

Thus, if /Cj_, are invertible on L p , then solutions to (N)p, (R)p in V and exist. 
By duality this will imply that K,± is invertible on LP for sufficiently large p, which will 
imply that solutions to (D)^ exist. 

This chapter will be devoted to the proof of the following theorem: 

Theorem 8.2. Let 1 < p < oo, and let eo > 0. Let V be a Lipschitz domain with Lipschitz 
constants fcf. Let Aq be a real elliptic matrix, and let A s = sL + (1 — s)Aq. Assume that 

(8.3) {K>±f and (C^Y are bounded linear operators on H^(dV) and LP(dV), for all matrix- 
valued functions A : R i— > C 2x2 such that either A is a complex-valued matrix with 
\\A - A \\ L oo <e ,orA = A s ,0<s< 1, 

(8.4) The layer potential (/C 1 .)* : LP n H\dV) i-> IP n H\dV) is onto, 

(8.5) (N)p s , (R)p s hold in V = V+ and V c = V- with constants at most C\, for all 
< s < 1. 
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Then there is some e > such that, if \\ A — AqII^oo < e, then /C^, £ are invertible on 
L\ n H\dV), where L P Q = H 1 n LP and \\f\\ L p = \\f\\ LP . Furthermore, 

ll(^±) _1 |l> ||(/:*r 1 ||<C7(A ) A ) * i ,(7i,p,co). 

If in addition 

(8.6) There exists a number C\ > such that, if a is a H (dV) atom with support in some 
B(Xq, R) n dV and if 1 norm 1, then 

[ N{Vu){X){l + \X\/R) a da{X) < C\ (8.7) 
JdV 

provided div AqVu = in V, and v ■ Aq Vm = a or d T u = a on dV 

then JC±, C} are invertible with bounded inverse on H\dV) as well. 

The e produced by this theorem depends on p. Therefore, we intend to use this theorem 
only for some fixed pq > 1 and H , and interpolate to get an e that will work for all p with 
1 < P < PO- 

We use the notational shorthand that fC s = fC^ s , C s = C^ s for any < s < 1. 
Proof. By ILemma 8. lit ~~ = I on LP and on if 1 for any matrix A; so in LP or ii 1 , 

ii/ii = mWf - (/ci)Vn < ik^+)Vii + m°- )Vn. 

Bv ILemma 8TT51 and [Limma 8.161 if (ESD or (ESD holds then \\{K,^ff\\ « 
where norms are in L p or if 1 , with constants that may depend on p. By ILemma 8.12| 
dy + = dy_ on LP and if 1 . 

In either case, 

11/11 < mVfn + ll(/C° )*/ll < G(p)||4/|| < C7||(X4)V||. (8-8) 

This implies the following: 

• (jCP)* and (/C±)* are one-to-one. 

• If (JO,®)* and (/C±)* are onto, then their inverses have norms at most C(p). 

76 



Recall ITheorem 7.31 if Aq is a real uniformly elliptic matrix and the layer potential Ty 
is bounded uniformly for all A near Aq, then 

\\T A - T A °\\ LP ^ LP < C P \\A - A \\ L oo, || (T 4 ) 4 - (T^o)*!^!^! < C\\A - A \\ L oc 

for all A sufficiently near Aq. Since the components of T A (B\f) are K, A f and C A f, these 
inequalities apply to JC A , C A as well. 

In ITheorem 8.171 we show that if G is onto and satisfies ||/|| < C||G/|| and \\G — G || 
is small, then G' is also onto and satisfies ||/|| < CUG'/II- So to show that (JC )* or (£ )* 
is invertible for all A near Aq, we need only show that (JC^Y or (£®Y is onto. 

Consider K° first. Let A s = (1 - s)I + sA . Then ||/|| < C||(/C S )V|| uniformly in s; 
applying ITheorem 8.171 to A s and Ag-^ for sufficiently small r\ and repeating, we see that 
since (K, 1 ) 1 = (K, 1 ) 1 is onto, (K?) 1 is as well. 

Now consider C®. Let / G L p n i^ 1 ; this set is dense in L p and if 1 . Since (R)^° holds, 
there is some u with divA^Vw = in V, u = J f on dV and ||A^(Vm)||xp < 

Then there is some g e L p with g — v- AqVu. Let /i = ((/C^)*) -1 ^ 6 

Then by uniqueness = «, and so (£ = /, as desired. Thus (£ )* as well as 
(/C^)* is invertible on L p and on if 1 . □ 



8.1 Domains to which [Theorem 8.21 applies 



ITheorem 8.21 has three conditions. 

By ITheorem 6.11 if V is a good Lipschitz domain, then (18.3p holds. 

By ITheorem 9.11 which we will prove in the next chapter, if V is a good Lipschitz domain 
and there exists a p > 1 such that (18.51) holds in all domains with Lipschitz constants at 
most C = C(y), then f)8.6p holds. (We will need the results of this chapter to prove it.) 

Conditions (18.41) and (18.51) are more complicated. I claim that, for any K, we can find 
a (possibly small) p = p(K) > 1 such that, if V is a good Lipschitz domain with constants 
at most K, then (18. 5p holds in V. 

By |13J and [Hj, if V is a special or bounded Lipschitz domain, then (N)p°, (R)p° 
hold in V for some p > 1. p and the constants in the definition of (iV) p u , (R) p depend 
only on A, A and the Lipschitz constants of V. Since the complement of a special Lipschitz 
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domain is also a special Lipschitz domain, we need only show that (N) p ° or (R)^° holds 
in the complement of a bounded Lipschitz domain to have (18.51) hold for all good Lipschitz 
domains. Before doing this, we will deal with Condition (18. 4|h 

From [T8J, Theorem 4.2 and Corollary 4.4], Condition (18.41) holds if V is a bounded, 
simply connected Lipschitz domain. It also holds if V = £1 is a special Lipschitz domain: 

Lemma 8.9. If Q is a special Lipschitz domain, then (JC )* and (C )* are surjective on 
H^(dQ) and L p (dQ) for p small enough. 



r , / 1 —f'(x) \ 

Proof. Y X (Y) = log \ X — Y\. If B — I J for some Lipschitz function 

-<f'(x) 1 + if'{x) 2 



<f, then it is easy to check that 

r (L) s ) = T {x,t- V (x)) fe> s - <p(y))- 

So if Q = {(x, t) : t > if(x)}, then 
/Cg/(s, if(x)) = lim / v{Y) ■ BVTf Xjt+(fi{x)) (Y)f(Y) de{Y) 



lim 

t^o+Jn V-l 



= ,"o + /R(-i) ,Vr ^) (! '' 0)/(! ' )<i!/ 

ft 1 

= lim / — r-rrrf (y) dy — -f (x) 

for any good function /; thus, if Q is a special Lipschitz domain with e = (0, 1), then for 
some real matrix B, /C^ = \, and so (JC^Y — 5 is also invertible. 

Since (18. 3 p and ( 18.51) hold for special Lipschitz domains, we may proceed as in the proof 
of lTheorem O to see that (IC 1 ) 1 and (C 1 ) 1 are invertible on LP(dQ)nH (dQ) for all special 
Lipschitz domains Q with e = (0, 1); by symmetry, this must hold for any special Lipschitz 
domain Q, as desired. □ 
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We now complete Condition (18.51) for bounded simply connected domains. This is fairly 
simple: 



Theorem 8.10. Let V be a good Lipschitz domain with compact boundary. There is some 
Ci depending only on A, A and the Lipschitz constants of V such that, if (N)£ holds in 
all bounded simply connected Lipschitz domains U with Lipschitz constants at most C2, 
then (N)p, (R)p hold in V with constants depending on the same quantities. 

Note that in this lemma, we do not assume that dV is connected. 

Proof. Uniqueness (with conditions) follows from lTheorem 13721 

First, we show that (N)£ holds in V. Given a g G C°°(dV) with f^gdcr = for every 
connected component uj of dV, we can construct awinV such that v ■ AVu = g on dV 
and div AVu = in V in the weak sense, as is done in [13j Lemma 1.2]. Then Vw G L 2 
with ||Vw||jr2 < C||(7||jji- 

By (13.61) . we have that if 1 < p < 00, then 

iv m, < c iiv7 I, < g 11 11 < c p\\9\\mev)°( dv ) W 

lVU[Y)l - dist(Y,dV) llVUllL2 ~ dist(Y,dV) mH HdV) ^ tistfXW) ' 

Now, let X G dV and let Z G j(X), so that \X - Z\ < (1 + a) dist(Z, dV). If 
|X - Z\ > a{dV)/C, then dist(Z, dV) > a{dV)/C{\ + a), so 



\Vu(Z)\<C p \\g\\ LP(dV) a(dVy 



-ij v 



which has LP(9V) norm at most C p \\g\\ LP . Let N(Vu)(X) = sup{|Vn(Z)| : \X - Z\ < 
(1 + a) dist(Z, dV) < o(dV)/C} for some C to be chosen later; to bound || A^(Vti) ||j,p w e 
need only bound ||iV(Vu)||ip. 

As in Definiton 12. 2\ dV may be covered by balls Bj = B(Xj,Tj). Choose one such j 
and take Xj = 0. Define 

Q(r) =^((-r,r) x (0, (1 + k^r)) 

= {XgR 2 : \X-e ± \ <r,y?(X-e ± ) < X ■ e < ip(X ■ e X ) + (1 + h)r}. 
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So for |rj <r < 2rj, we have that Q c ( r ) C V and B(X,rj/2) HV C Q c ( r )- Furthermore, 
we have that cr(dV) < Crj. 
Then 

/ iV(Vu) p d<7< / N 0(r) {Vu) p da 
JB.ndV JdQ(r) V ; 



'BpdV JdQ(r) 

3„ 



for 77 rj < r < 2rj. But Q(r) is a simply connected bounded Lipschitz domain; let p be 
small enough that (N)p holds in all the Q(r)s, and assume p < 2. So 

/ N(Vu) p da<- [ N 0(r] (Vu) p da dr 

JB.ndV r i Jirj2JdQ(r) ^ ' 



1 BpdV r j JZrj/2 JdQ(r) 

C r 2r 

r j Jsrj/2 JdQ(r) 



C f 2r j f 
< — / \v ■ AVu\ p dadr 



<C\\ 9 f LP + -j \Vu\ p < C\\g\ f LP + 5? ( / \Vu\ 2 ) 

r jjQ(2r j ) L r P \jQ(2r J ) J 

< C \\9\\ P lp + ^iMlpvidVr- 1 < C\\gf LP . 



\P/2 



Since there are at most such balls, we have that Jgy N(Vu) p da < CWgW^p, as desired. 
So (N)p holds in V for V any good Lipschitz domain, for p = p{k\) small enough. 

We now pass to the regularity problem {R)p^- Pick some g E LP(dV) with J^g = for 
every connected component uj of dV; if p > 1 and cr(u;) < 00 this condition is equivalent 
to requiring g G H . 

If p > 1 is small enough, then there is some u such that div AVu = in V and 
v ■ AVu = g on <9\A 

I claim that u is defined on V. (ISection 4.41 will only guarantee this if V is simply 
connected.) We need only show that f v ■ AVu = for all Jordan curves \ C V; we may 
assume x = dU for some simply connected domain U . 

But 



i/ • AVu = v ■ AVu = VI • AVu = 

df/u([/rW) Jd(unv) Junv 

by the weak definition of v- AVu. But U C\dV is the union of one or more entire components 
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of dV; therefore, 



v ■ AVu = - v ■ AVu = - g = 0. 

du Jundv Jundv 

So u is well-defined on V. By lSection 4A\ div AVu = in V. 

fo -l\ /o -l\ 

Recall that V« = AVu. Thus, if r = \v, we have that 

VI ) VI 



, -l\ -1\ / 1\ -1 , 

r • Vfi = I i/ • = i/ • 1 AVu = v ■ AVu 

i oj \i oj V-i 0/ V 1 o 

and so if v ■ AVu = g on <9V, then <9 T w = g on <9V. Clearly jV(Vtz)(A") « iV(W)(X). So 
if (iV)^ holds in V, then there exist solutions to (R)p- 

So if (iV)p holds in V, so does (R)£. □ 



8.2 Comparing layer potentials on the two sides of a boundary 
Lemma 8.11. Iff is a LP Lipschitz function, then K+f(X) - K-f{X) = f{X). 

Proof. Let V£ = V±\B(X,p), ^ P t = V±n B(X,p). Recall that if U is a bounded domain, 
and X G U, then 

/ u-A T VT\da=l. 
JdU x 

So, fixing some p > small, letting e be a vector such that X ± te is in a nontangential 
cone in V± for all sufficiently small positive t, and extending / in some reasonable fashion 
to R 2 , we have 

K+f(X) - K-f{X) = lim f v ■ A T VT T x+t J da - lim f v ■ A T VY T x _ te f da 

t^O+JdV t^O+JdV 

= lim I v A T VT x , f Jda + lim I v ■ A T VT T X t .f da 
+ lim / v ■ A T VT T Y ,,J da + lim / v ■ A T VT T Y .J da 
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and so 



K+f(x) - K.-f(x) = - f v A T VY T x f da 

JdB(X,p) 

+ lim I vA T VT T x , f Jda + [ v ■ A T VT T X f J da 

= f(X) - ! v(Y) ■ A T (Y)Vr T x (Y)(f(Y) - f(X)) da 

JdB{X lP ) 

+ lim / v{Y).A T {Y)VT T x+te {Y){f{Y)-f{X))do 
+ lim I v{Y) ■ A T {Y)VY T x _ te {Y){f{Y) - f{X))da 

and the integrals are each at most Cp\\f'\\ioo. Taking the limit as p — > yields the desired 
result. □ 

Since /C± are bounded as operators on LP and H , and Lipschitz functions are dense 
in those spaces, we have that /C+ — /C_ is the identity on those spaces as well. 

Lemma 8.12. Suppose that N(Vu) G L p (dV) for 1 < p < oo. Then u is Holder continuous 
on V. If in particular u = Sf for some f G LP, then u is Holder continuous on all of R 2 . 

This implies that C\f = r ■ VS T f = C f _f for all / G L p ; since LP functions are dense 
in if 1 , this must hold in H l as well. 

Proof. If N(Vu) G LJP(dV), then 

min(<r(9y),2adist(y,9y))|Vu(y)| p < / iV(Vw) p < \\N(Vu)\\ p TP 

J\Y-X\<(l+a)dist(YMV) 



and so 



iv„ ( y-)i < mmn (g . 18) 

minK^dist^m/)) 1 /? 



If is a special Lipschitz domain, and iV(Vu) G LP(dil), and 0<r<torO>r>t, 
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then 



\u(ip{x,t))-u{ip{x,T))\< J \Vu(ip{x,s))\ds< J Cs- l IP\\N{Vu)\\ LP ds 

,i/p' _ 



<C(p)||iV(Vn)|| L p(t J 
<C{p)\\N{Vu)\\ LP \t-T\ l lv' 



and if t ^ 0, then 



|u(V>(a:,t))-u(^(j/,t))| < 



A^(VM)(^(2))y / l + ^ / (2) 2 ^ 



\LP 



So if X, Y G tt, then 



\u(x) - u(Y)\ < c( P )\x - ri^'n^v 



u)\\lp- 



(8.14) 



Thus, u is Holder continuous on Q. 

This result also holds locally near the boundary of an arbitrary Lipschitz domain; so u 
is Holder continuous on V near the boundary. So, in particular, u\gy exists pointwise (and 
not just in LP). 

By ITheorem 5 .51 if / G L p , then N(VSf) G LP and so Sf is continuous on each of 
V+ = V and K- = V , I would like to show that Sf is continuous on V+ U V- = R 2 . 
Pick some X G <9\^, t > small, e as in the proof of ILemma 8.111 Then 



\Sf(X + te)-Sf(X-te) 



[ (T Y (X + te) - F Y (X - te)) f(Y) da(Y) 
JdV 



But 



\T Y {X + te) - T Y {X — te) | < 



VT Y (X + re)dr 





rCt 


< 






Jo 



c 



o Vix-rp + r 2 



dr 
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But that integral is at most \x_ Y \ > anc ^ ^ 1^ — ^1 < ^ then 



rCt 
JO 



C 



dr — f , = ^ dr < C In ■ 

Jo 



x/I+V 7 " |x-y| 



So 



|S/(X + fe)-S/(X-fe) 



(r y (X + ie) - T y (X - te)) f(Y) da{Y) 



( 

JdV 

< f \f(Y)\-P%da(Y) + C I 

J\x-Y\>\t\ \ X - Y \ J\: 

< C\\f\\ LP 



Ct 



\f( Y )\^r-^—rda(Y) 
X-Y\<\t\ \X-Y\ 



\X-Y 
< C{p)t l /v'\\f\\ LP 



LU{\X-Y\>t}) 



In 



Ct 



X -Y 



lZ({\X-Y\<t}), 



provided 1 < p < oo. 

So u is continuous across the boundary, and so is continuous on R 2 . 



□ 



8.3 Comparing norms of layer potentials 



Lemma 8.15. If (N)p° and (R)p° hold in V and , then for all f e U>{dV), 



C 



IK^VIIip^IKOVIIlp^IK^VIIip- 

Proof. By definition of (N) p u , (R) p , there is some constant C depending on A, A, 
such that if div AqVu — in V then 

\\N{Vu)\\ LP{dv) <C{p)\\v ■ AlVu\\ LP{dvy and 
\\N{Vu)\\ LP{dv) < C(p)\\r ■ Vu\\ LP{dv) . 

Since \v ■ AqVu\ < AA r (Vw) and |r ■ Vu\ < N(Vu), this means that 

\\v ■ Al Vu\\ LP ( dv±) « ||r • Vu\\ LP{dv±) . 



\t. 
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But by ILemma 8.121 Sq f is continuous on R 2 , so r • V<Sq / must be the same on dV+ and 
dV~, and so 

ll(^)VllLP^II(^ )Vk^ll(/C°)VllLP- 

□ 

Lemma 8.16. If (E2p holds, then for all f G H 1 , 

IK^VIIfI « IK^'/llffl « 

Proo/. Let / 6 if 1 . By ITheorem 731 (/C°)V G #\ so (/C )*/ = ^ A z a; for if 1 atoms a, 
and constants Aj with ^ |Aj| = ||(/C 

Let u = S 7 /, so that (/C°)V = f ■ A T Vu. Then = r ■ V«. 

Since {N)p° holds in V, we can write u = Yli \ u i where v ■ A^Vui = a^. Then by 
assumption, 

/ N(Vui)(X)(l + \X\/ n ) a da(X) < C, \\N(V Ui )\\ L p < Cr] ,p -\ 

Jdv 

If dV is bounded, then fg v r-Vui = 0. Otherwise, we are working in a special Lipschitz 
domain. Since N(Vu) G L , we must have that lim^^oo i|x|<i? r ' ^ M ^ a ex ists. But since 
N(Viii)(X)(l + \X\/rj) a G L 1 , for any e > and any R > there must be some xi,£2 
with < — R, R < X2, \x\\ ~ |rr2 1, and A r (Vu)(^(xj)) < e/|xj| 1+a . 

So by integrating r • Vw on the boundary of the domain '4 , {{ x \i x 2) x (0) C|^z|)), we see 
that \u(ip(x2)) —u(ip (x\)) | < C|xj|e/|xj| 1+Q; ; this may be made arbitrarily small by making 
e small or R large. 

So by ILemma 7.11 ||r • V«i||^i < C; therefore, 



<cX)A i = C||^ t /|| ff i. 

H 1 i 



Similarly, we may say that (£ )*/ = X^^i a i; as i n the proof of ITheorem 7.2\ J 



v 



A^Vui = and so < C||£*/lljri- □ 
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8.4 Some elementary analysis 



Theorem 8.17. Let G,G' he two hounded linear operators from a Banach space B to 
itself, and suppose that < <7||(7/||_g, G is a hijection, and \\G — G'\\b^b < e - H 

e < 1/(7, then G' is also a hijection, and its inverse has norm at most (7/(1 — Ce). 

Proof. First, if / ^ and G'f = 0, then 

H/ll <C||G/||=C||(G'-G' / )/||<C6||/|| 

and so e > 1/(7; conversely, if \\G — G'\\ < 1/(7, then G' is one-to-one. 
Next, if e < 1/C, then 

= T^ci (h ~ e ) 11/11 £ ( ||G/ » - ll(G - G,)/Il » £ i+ci l|G,/l1 

and so G' satisfies the same sort of useful inequality as G; in particular, if (G') -1 exists it 
has norm at most (7/(1 — Ce). Furthermore, if G'g n — > / then {g n } is a Cauchy sequence; 
since _B is a Banach space g n — > g for some g, and so (7'c/ = /. Thus, (7' has closed range. 

Suppose (7' is not onto. Let /qEB — G r B, and let rj = inf {||/q — G'b\\ : b G Bj; since 
G'-B is closed, rj is positive. Let bo be such that ||/o — G'bo\\ < pr\, p> 1- Let /i = fo — G'bo, 
H = /l/||/l||- Then H/ill < p?7, and if 6 e B, then 

11/1-^611 = 11/0-^(6 + 60)11 >i7>^||/l||, 

so 

11/2 - > i 

for all 6 G £. 

Let G7i = f 2 . Then - G/i|| = ||/ 2 - > \ and so 

lie - gn > JL > 1 1 1 



" pC||GA|| pC\\f 2 \\ Cp 

Thus, if 1 1 (7' — (7 1 1 < £j, then G' is also one-to-one and onto. If I further suppose that 
\G' - G\\ < then 1 1 (C") 1 1 1 < 2(7. □ 
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CHAPTER 9 
BOUNDARY DATA IN H l FOR THE REAL CASE 



We have shown that C , JC are invertible on H provided that the following theorem holds: 

Theorem 9.1. Let V be a good Lipschitz domain. Suppose that a is an atom ofH l (dn), 

that is, ||a||^oo < 1/r, f a = 0, and supp a C B(Xq, r) R dfl for some Xq G dQ, r > 0. 
Suppose that divAVw = in V, and A satisfies the conditions of \Theorem J. 51 
Assume that there is some 1 < p < oo such that {N)p, (R)p {D) A h (N) A , (R) A 

and (D) A / hold in all good Lipschitz domains whose constants are no bigger than some 

C = C(X, A, V) (to be chosen later). 

Assume that u satisfies the conditions of \Theorem 13. 21 and that either 

1. v ■ AVu = a on dV , or 

2. d T u = a on dV. 

Then there is some C, a depending only on the ellipticity constants of A such that for some 
Xq G supp a 

I N{Vu){X){l + \X -X Q \/r) a da{X) <C. 
JdV 

Throughout this section, we assume without loss of generality that Xq = 0. 



9.1 A priori bounds on u 

Suppose that u is a regularity solution in V, u = f on dV, with a = d T f a if 1 atom with 
support in B(0,r) fl dV. 

So HiVwIlxp' < C||/||lp' — Cr^l p . As in the proof of ILemma 8.121 this implies that 
\u{X)\ < Cr l /P' mm(dist(X,dV),a(dV))- 1 /P l . By ILemma 3.2l and fl^6|) . 

\Vu{X)\ < Cr 1 ^' distiX^V)' 1 min{dist{X,dV), a {dV))- 1 ^' . 
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Now, suppose that div AVu = 0, v ■ AVf = a. Then as in the proof of ITheorem 8.101 
u exists on V and satisfies div AVu = 0, d T u = a; so |Vw(X)| « |V£t(X)|. 
So if v ■ AVu = a or d T u = a, then 

\Vu{X)\ KCr 1 ^' dist{X,dV)~ l mm{dist{X,dV),a{dV))~ 1 /p' (9.2) 

If V = Q is special, we may make some statements about u as well as Vw. First, 
lim^oo u(ip(x, t)) exists for every x G R; furthermore, they must all be equal. Without 
loss of generality, we may assume that lim^oo u(ip(x, t)) = 0. Then 

KV>(x,t))| < / CrVf t- 1 - 1 /? dt < CprVft-Vf . 



If |x| > 2r or t > r, let R = \ip(x,t)\/2; by applying ILemma 3.41 we see that 
\u(*4>(x,t))\ <c(-f \uA <c(-f C p r 2 IP' s~ 2 l p 'dyd^\ 

\JB(ii>(x,t),R)nn J \JB(ip(x,t),R)nn J 

(n rx+R rCr \ 
-I \ C p r 2 /P'\s\~ 2 /P'dsdy) Kcy/P'R- 1 ^'. 
RJx-R JO J 

Summarizing, we have that in a special Lipschitz domain, 

\Vu(X)\ < Cpr 1 ^' distiX^dQ)- 1 ^', \u(X)\ < C v t x Ip' \X\~ x Ip' . (9.3) 

9.2 A bound on our integral in terms of itself 

Lemma 9.4. Suppose that V, p, A, a, r satisfy the conditions of \Theorem 9.11 

Then for any h > 0, there is some constant C depending only on p, A, A and the 
Lipschitz constants of V such that if 

1= [ N(Vu)(X)(l + \X -X \/r) a da(X) 
JdV 

then I satisfies 

I < Ch l /Pl + ( ' 



h 2 ~ l IP' 



If dV is bounded, we know N(Vu) G LP(dV) D L l (dV), so / is finite. So by choosing h 
small enough this lemma will give us ITheorem 9.11 If V = Q is a special Lipschitz domain, 
we will show first that I is finite if <p is compactly supported, which will yield our desired 
bound for such ip, and then pass to the case where ip is an arbitrary Lipschitz function. 

Proof. We begin with the case V = Q a special Lipschitz domain. 

It suffices to prove this for r = 1; we may rescale to get the general result. 
We will need the following definitions. 



Nuf(X) 


= sup{|/(y)| : 


\X-Y\< (l + a)dist(Y,dU)}, 


7 (X) 


= {Y :\Y -X\ 


< (1 + a) dist(Y,dV)} 


7i(X,i?) 


= {YE 7 (X) : 


\Y-X\< R/8} 


12(X,R) 


= {YE 7 P0 : 


\Y-X\> R/8} 


rm(X,R) 


= sup{|Vu(F)| 


■ Y e 7l (X)} 


Nuf(X) 


= sup{|/(Y)| : 


\X-Y\< (l + a)dist(r,<9£/)}, 


Nf(x) 


= N a fMx)) = 


: sup \f\ 



A + (R) = (R, 2R), A~(R) = (-2/2, -R) 
A± (R) = U xeA ± (x -tR,x + tR) 
A±(J2) = ^(A±(J2)) 

Uf(R)= {tp{x,s) : x G Af(R),0 < s < R (l + r\\<p' \\ L <x>)} 

We will usually omit the R. Note the following: 

• if x G A 1 * 1 then m\{ip{x)) < N Tr ±(Vu)(x) for r > 4, 

• if Y G 72 (X, R), then dist(y, dO) >j^\Y-X\> 
Let/ = J m N(Vu)(X)(\X\ + l) a da(X). Then 

„ OO „ 

I<C N(Vu)(X)da(X) + Cj22- :ja N(Vu)(X) dcr(X). 



^((-2,2)) 




A+(2J)UA~(2i) 
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We can bound the first term easily: 

N(Vu)(X)da(X) < C||JV(Vu)||lp < C. 

^((-2,2)) 

We just need to bound Y^j 2 ja Ja±(2J) da(X). Pick some 2 J = R; we seek 

a bound on J^±m\ N(Vu). We consider only A = A + (R) and the Neumann problem; the 
case A = A~(R) and the regularity problem is similar. 

By our a priori bounds on u, if X E A = A + (i?), then 7712 PQ < ^j^y • If t > |, 



then 



/ m 1 < [ N v (Vu) da < Ci?/ i% (Vu) da 
JA(R) JdU T JdU r 

Cr{1 N v (Vu) p da) ^ <Cr(-[ \u ■ AVu\ p da) " 

\JdUr T J \JdUr J 

1/p 



IA(R) 

< 



= CR 1 - 1 /P[ / \v-AVufda 

\JdUr 

But if we let r/_ (t ) = if) (R - tR, t) , T]+ (t) = if) (2R + tR, t) , then by (19T2]) 

v ■ AVu\ p do = I \v-AVu\ p da + / \u ■ AVu\ p da 

dU r Jr}+(t)Uri-(t),t<hR Jr} + (t)Ur]-(t),t>hR 

< hRN(Vu)(ip(R - tR)) p + hRN{Vu)mR + rR)f + 

So, if we take h < 1/2 and l/4<r<l/2, we have that 

l/p 



v ■ AVu{y,s)\ p 

h VPRl/P(N(VumR - T R)) + N{Vu)^{2R + tR))) + fel+1/ ^ fl2/p , 
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Taking the integral from r — 1/4 to r = 1/2, we get that 

I mi< f 1 ' 2 CR 1 - 1 >P( [ \vAVu\Pda) ^ dr 
JA Jl/A \JdUr J 



< 



-/4 

rl/2 n 
J CRh 1 / p (N(Vu)(^(R-TR)) + N(Vu)(^(2R + TR)))dr + 



'1/4 V ' h^/p'RVP 1 

< Ch l IP J^{N{Vu){^{R - tR)) + N(Vu)mR + rit>)))it>dr + fel+1/ ^ 2/f/ 

< C/i 1 ^ / iV(Vw) + — 9// . 

JA 1/2 h l+1 /PR 2 /P 

Therefore, 

C 



/a n{Wu) ^L m ^ + L m ^RW + chl/p L n »™ + 
^ chl/p L N{vu)+ ^ 



c 

"'rW 



So 



[n(Vu)(1 + \x\ a ) < C + Y V a ! N(Vu) 

J p Q Ja{v) 

OO „ OO 

OO 

< C + CTi 1 ^ /"(l + |:r|) a iV(Vw) + ^ ^ ^ j^-VpO. 
^ j=0 h + p 

This completes the argument for V = f2 a special Lipschitz domain. Suppose 9V is 
bounded. 
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If dist(X,aO) > a(dV)/C, then |Vw(X)| < O 1 /p'< 7 (0y)-l-l/p'. So 

/ m 2 (X,a(dV)/C)(l + \X\/r) a da < [ Cr l ' p ' aidV)- 1 ' 1 ^ {I + \X\ /r) a da 
JdV JdV 

< Cr 1 / p '~ a a{dV)- 1 - 1 / p ' [ (l + \X\) a da 

JdV 



< C 



\ l/p'-a 

W)J 



r 

a' 



which is bounded provided a < 1/p' . 

If r > a{dV)/C, then \\a\\ LP < Ca(dV) l /P~ l . Then 



/ N{Vu){X){\ + \X\/r) a da{X) < [ N{Vu){X) da{X) 
JdV JdV 



and so we may assume that supp a is small. 

We can cover dV with k 2 balls of radius rj, where a(dV) < Crj, as in IDefinition 2.2l 
We have that supp a is contained in one of the boundary cylinders; we may write supp a C 
ip((—r,r)) and require that ip(—2r,2r) C dfh D 9V". 

The above argument for special Lipschitz domains also shows that, if div AVu = in 
^({-2R , 2i2o)x(0,2i2o)), with ||iV(Vw)|| iP < Cr~ 1 ^ and supp v-AX7ur\ip(-2R , 2R ) C 
ip(—r, r), then 

/ N(Vu)(X)(l + \X\/r) a da < C + Ch [ N(Vu){X)(l + \X\/r) a da. 

J^(~R ,R ) J^(~2R 0l 2R ) 

We may apply this argument to each of the boundary cylinders and sum to get a bound 
for all of dV, as desired. □ 



9.3 Finiteness 

Recall that SI = {X G R 2 : ip(X ■ e L ) < X ■ e}. We made the a priori assumption that 
there is som 

Redefine A on Vf so that A(ip(x, -t)) = A(tp(x,t)). In Q c , define 
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• u(ip(x,t)) = u(ip(x, —t)), for the Neumann problem 

• u(x,t) = —u(ip(x, — £)), for the regularity problem. 
Then div AVu = in fl and in {i[>(x, t) : \x\ > Rq, t ^ 0}. 

If the regularity problem holds, u = on dfl H -6(0, r) and <9f2^ fl -8(0, r) . If the 
Neumann problem holds, v ■ AVu = on dfl fl -6(0, r) and on dfi fl -8(0, r) . In either 
case, we have that divAVw = in {ip(x,t) : |x| > Rq or t > 0}. 



If \X\ > CR , then bv lSection 9.T1 



1/2 / \ 1/2 



|2 \ ^ C f l.|2 » C 



v«(i)i<c u |v«r <— f i«r < 



'B(X,|JC|/4) 7 1^1 V s (^>l^l/2) / |X| 1+ W 

Since N(Vu) £ L^, we have that 

N(Vu)(X)(l + |X|/r) a Ax(X) 



|X|<C7-R ,^Gi9fi 

is finite. But N(Vu)(X) < C/\X\ 1+1 /p' '; so if a < then 

X(Vw)(X)(l + |X|/r) a Ax(X) 

X|>Ci? ,Xe<9f7 

is finite as well and we are done. 

We now remove the assumption on (p. Recall that fl = {X £ R 2 : (p(X ■ e^-) < X • e}. 
Assume ip(0) = 0, and let <~p R = <p on (-R, R) and let tp R = on (— 3R, 3R) . Let 
fl R = {X £ R 2 : ip R (X ■ e 1 ) < X ■ e}. 

Let v ■ AVuji = a or r • = a on <9f2 fl dfl R , on 

Suppose that \Y\ is small compared to R, S with R < S. Let 5 = dist(Y,<9fi). Then 
div AV(ug — u R ) = in fig fl fl R , and z/ • AV(ug — u R ) = or r • iVfuj — = on 
i>((-R,R)). 

Bv lSection 9.T1 if |X| > 2r then \u R (ip R (x,t))\ < Cr 1 ^' t' 1 ^' . So 



| us(y) _ OH(y) |» < f / |MS _ ojd > < ^ < c Pr2/p 



P n 9 /«/ ' 
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Therefore, by (I3.6p . if R ^> |F| then 



|V^(F)-V Mi? (F)|< 



R 2 /p' dist(Y,dn) 



Define u = lim^^oo -u^>. Then clearly div AVii = in Q, u ■ AVii = a or r • Vw = a 
on 90, and J N(Vii)(l + |X|/i?o) a < C- By lTheorem 13.21 we have u = u, and so we are 
done. 
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CHAPTER 10 
INTERPOLATION 



We have established that for V, A and Aq as in ITheorem 1.51 there exist some eg > 0, 
Pq > 1 depending only on A, A and ki such that, if \\A — ^4oIIl°° < e 0> then 

• K±,C, K?±, £*, are bounded U>(dV) i-> LP(dV) for all 1< p < oo. 

• /C^,£j_ are invertible on L p o(dV) with bounded inverse. 

• /C±,£± are bounded and invertible on H^(dV) with bounded inverse. 

We also know that, for any given p, if }C± is invertible with bounded inverse on LP(dV) 
then (N)p holds in V, and if is invertible with bounded inverse on LP{dV) then (i?)^ 
holds in V. We now interpolate to complete the proof of ITheorem 1.5i 

Theorem 10.1. Suppose that \\A — Aq\\^oo < eg, where eo is as above. Then if 1 < p < pq, 
then 

\\f\\ L p < CpW^fUp, \\f\\ LP < CpWK^fWv 

for all f G LP{8V). 

Note that eg is independent of p. Since L p o fl L p is dense in L p , we know that K, , C 
are onto; thus, this suffices to establish that they are invertible. 

Proof. We prove this only for C} (the proof for /Cj_ is identical). It suffices to prove that 
IK^rtlliP < IMIZP for all^GCg . 

Let E a = {x : Mg(x) > a} where Mg(x) is the maximal function. (The "intervals" I 
are taken to be arbitrary bounded, connected open subsets of dV .) 

Then E a is an open subset of dV, which is one-dimensional; it is therefore a union of 
countably many disjoint open intervals Qi, and a(E a ) = J2i a (Qi) < ( ^\\9\\'i / p/ aP - Note 
that j-Q. \g\ = a for all i. 
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Then define cn(x), b(x) by 



0, x <£ Q t ; g(x), x £ E a ; 

Oi(x) = < b(x) = t 

Then g = b + a where a = J2 i a^. 

Now, b e LPO with H&H^o < \\gf LP a p o- p . Define r = (1 +p)/2, so 1< r < p. 
We know that J — 0, suppa^ C <5i, and 

/ kr = 1 « = L I s - ^ 9 l" £ 2r_1 1 l9f + w r £ 2r 1 lsr 



So 



Therefore, 



l/r' 



l/r 



27 (Qi) 



IMIl/^) ^ ^P" a r-l 



So 



r roo 

/ \{C t )- l g\ p da = paP-^Xe^y : >a}da. 

Jay Jo 

But if \{C t )~ l g\ > a, then either |(£*) _:L a| > a/2 or > a/2. So 

f |(£*)-V^< /° p2V- 1 ( ( j{|(£*)- 1 a(X)| >a} + ( r{|(£*)- 1 6(X)| >a} 
Jay v 

7o V a a^o 
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Since is bounded H l ^ L 1 and L^o ]J>0, this means that 



/ \{Cr l 9\ P da<C p r*^(^ 
JdV Jo \ a 



\P0 
I LP 







Since E a = {X e dV : Mg(X) > a}, so a(E a ) < \\Mg\\ r Lr ^ E ^/a r , and since r < p < p , 
we can rewrite this as 



/ |(£')-V^< r^+l I Mg{Xfda{X)da 
JdV JO « p+ JMg(X)>a 

rOO r~i r 

+ / \g(X)f°da(X)da 
Jq aPO P +l JMg{X)<a 

f fMg(X) 
= C P / a^- 1 da Mg(X) r da(X) 

JdV Jo 

+ C P [ !°° aP-PO' 1 da \g(X) p da(X) 
JdV JMg{X) 

= C p J J—Mg(X)P- r Mg(Xy da{X) 

+ C p [ —!—Mg(X)P-P0\g(X)\P0da(X) 

Jov po-p 

<Cp\\Mg\\P LP <Cp\\g\\ P LP 
as desired. □ 
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CHAPTER 11 



BOUNDARY DATA IN BMO AND SQUARE-FUNCTION 

ESTIMATES 



Theorem 11.1. Suppose that g G BMO(dV) for some good Lipschitz domain V. Then 
there exists a unique function u with div AVu = in V, u = g on dV , and such that 



1 



/ \Vu(X)\ 2 dist(X,dV)dX <C\\g\\ 2 BM0 . 

JvnB(Xn,R) 



a(B(X ,R)ndV) J V nB(X ,R) 

This u will turn out to be a layer potential. Recall that T>f\gy = JCf, and that K. 
is bounded and invertible on H (dV) (ITheorem 8.2j) . Therefore by duality, fC is bounded 
with bounded inverse on BMO(dV). 

So if g E BMO, then g = Vf for some / with \\g\\ B MO(dV) ~ Wf\\BMO{dV)- Thus ' to 
show that there exists a u with u\gy = g and 



a(B(X ,R)ndV) J V nB(X Q ,R) 
we need show only that 
1 



/ |Vw(X)| 2 dist(X, dV) dX < C\\gf BMO 

JVnB(Xn.R) 



[ \VVf(X)\ 2 dist(X,dV)dX < C\\ff BM0 (11.2) 

JvnB(XnM) 



a(B(X 0l R)ndV) JvnB(X ,R) 
for all /. 

11.1 L 2 estimates imply BMO estimates 

In this section, we show that if 

J v \VVf(X)\ 2 di S t(X,dV)dX<C\\f\\ 2 L2 (11.3) 

holds for all / G L 2 , then ffTO) holds for all / G BMO. 
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For most of this chapter, it will be convenient to work with more general operators. We 
have that 

VVf(X) = V X [ (v A T VT T X (Y)) f(Y) da(Y). 
JdV v y 

So if TF(X) = J dv J(X, Y)F(Y) da(Y) where 

J(X,Y) = (V X (v ■ A T WT X {Y)) V x (v ■ A T VY T X {Y))) , 

then results for T will imply results for VP. 

We have some useful conditions on this J. By ( 14. ip . \d yi T x (Y)\ < \ X —Y\ ' s ^ nce 
T T X {Y) = r Y (X), we have that \d x T x (Y)\ < 

But d x T x {Y) is a solution in Y to div A T V{d x T x ) = 0; hence, by (1331) . 

\d Xi d Vj r T x(Y)\ < w^y\2- 



Thus, \J(X,Y)\ < j^^. 

Also, Vl(X) is constant on each connected component of R 2 \ dV, so VP1(X) = 0; 
thus, TI(X) = 0. 

So we prove a lemma for T and J having these nice properties: 

Lemma 11.4. Suppose that V C R n+1 is a good Lipschitz domain, that TF(X) = 
JdV ^{^-i Y)F(Y) da(Y) for some (matrix-valued function) J, and that 

\J(X,Y)\<C ^^£~\ TI(X) = 0, J v \TF(X)\ 2 dist(X,dV)dX<C\\F\\ 2 L2 

for some a > 0, for all X G V, Y e dV , and all F in L 2 (dV i-> C 2x2 ). 

Then if B e BMO{dV i-> C 2x2 ), then TB(X) converges for each X e dV and 



a(B(X ,R)ndV) J B (X Q ,R)nV 
for any R > 0, X E dV. 



[ \TB(X)\ 2 dist(X,dV)dX < C\\B\\ 2 BMO 

JB(XnM)nV 
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Note that HXeV, then Y i-> J(X, Y) G L°°(dV). Furthermore, 

/ \J(X,Y)\da(Y) < dist(X,9\/) a - 1 / —L—^ daOn < C dist(X, dV) a ~ l . 
JdV J dV 1^ * I 

So we know TF(X) converges for all X G V and all F G LP, 1 < p < oo. 

Proo/. Recall from basic BMO theory that, if B G 5MO and A = B(X , R) fl <9V is any 
surface ball, then 



/ |5- J B A |rf ( 7<C(A;+ 1)||B|| BM0 



where B A = f A B, and 2 fc A(X ,r) = A(X ,2 fc r). 
Furthermore, by the John-Nirenberg inequality, 



/ \B-B A \ 2 <Ca(A)\\B\\% M0 . 
J A 



Fix some surface ball A = B(X ,R) n 9V. Now, TB = T(B - B A ), and so without 
loss of generality B A = 0. So 

oo 

TB = T(B XA ) + ^T(Bx 2 k + i A \ 2 k A ). 

fc=0 



But 



f \T{B XA ){X)\ 2 <l\st{X,dV)dX<C\\B XA \\l 2{dv) < 



If X G B(X ,R), then 



|T(S X2fc+lAV2feA )(X)| 



j(x,y)s(y)dtr(y) 

2 fc +!A\2 fc A 

< / disttx.mr-' 

< dist £!!2r" . . i^ooi^oo 



\2 k R\ n + a J2 k + 1 A 
- mfcnin+a k(A; + l>7(2 /\)\\B\\ BM0 . 



\2 k R\ 
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If a(A) < c(n)R n , then B(X Q ,R) contains dV; so a(2 k A) < a(dV) < Ca(A) for all k. 
Otherwise, a{2 k+l A) < C{2 k R) n < C2 kn a(A). In either case, 

o-(2 fe+1 A) < C2 kn a(A) 

and so 

f nB(Y \)(x) <r\\R\\ dist(x,^)^V(A) ^(fc + i) 

fc=0 fc=0 
Therefore, if Q = B(X , R)C)V and (3 = a(A)\\B\\ 2 BMO , we have that 

J \TB(X)\ 2 dist(X, dV) dX<C(3 + C(3a(A) J ^^g^ 1 rfX 

|t^|2(i— 1 (t(A) 

< cp + c M A) J b(Xo R) dx < C/3 + 

<C/3 = C<t(A)||B||| m0 . 



This concludes the proof. □ 
Therefore, to prove [Theorem ll.lt we need only establish (111.31) . 

11.2 Layer potentials on the half-plane 

In this section, we establish a sufficient condition for lLemma 11.41 to hold if V = R/j_. In 
the next two sections, we will work with general operators T and kernels J; in lSection 11.44 
we will return to the Dirichlet problem and VP. 
From pUl Theorem 1.1], we have 

Theorem 11.5. Let 9tf(x) = fnn?Pt(x,y)f(y)dy, where 

\^,y)\<c {t + ^ yl)n+a (ii.6) 

\h\ a 

\ib t (x,y)-ib t (x + h,y)\ <C-, , ' ' ,. , (11.7) 

irrv ' y Jl ~ (t+\x-y\) n+a v ; 

\h\ a 

\ibt(x,y)-ibt(x,y + h)\<C-, ' ' „ , (11.8) 
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whenever \h\ < t/2. 

Suppose that there exists a function b : R n i— > C such that for some constants A, A, 
C >0, 

r roo jj. 

A < Refe(x) < \b(x)\ < A and f / \6 t b(x)\ 2 —dx < Cq (11.9) 

JqJo t 

for every x G R n and every dyadic cube Q C R n . 
Then for all f G L 2 (R") we have that 

Rn+1 l^)| 2 ^<C'(A,A ) C7o)||/||2 2(Rn) . (11.10) 

(In [TU], this is presented in more generality; the test function b is replaced by a system 
of test functions bq indexed by dyadic cubes Q. We do not need that generality here.) 

We will need this theorem to hold if our kernel and test function take values in C 2x2 
rather than in C. It is trivial to generalize to the following simple matrix- valued version: 

Theorem 11.11. LetTtF(x) = J Rn Jt(x,y)F(y) dy, where Jt(x,y), F(y), and TtF(x) are 
all square matrices. Assume that J satisfies 

\h\ a 

\J t (x, y) - J t (x + h, y)\ < C f{t + ^ I yl)n+a (11.13) 



\h 



a 



\Jt(x,y)-J t (x,y + h)\<C t{t+l ^ yl)n+a (11.14) 
whenever \h\ < t/2. 

Suppose that there exists a function b : R" C such that for some constants A, A, 
C >0, 

r roo 

A < Keb(x) < \b(x)\ < A and 4- / \T t (Ib)(x) \ 2 t dt dx < C (11.15) 

Jq Jo 

for every x G R n and every dyadic cube Q C R". 
Then 

JJ^ n+i \T t F(x)\ 2 tdxdt<C(X,A,C )\\F\\ 2 LHRn) (11.16) 
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for any L? matrix-valued function F. 

Note that tdxdt = dist(X, <9R/j_) dX; this is why we use it instead of 

So if T(Ib) G BMO for some good scalar function b, and a few other conditions hold, 

then (111.161) holds. The problem is to generalize, so that we need only show T(B) G BMO 

for B in some larger class of test matrices. 

Fortunately, [10] proves [Theorem 11.51 from a similar theorem with the identity function 

replacing the bqs; we may prove a useful matrix- valued theorem from lTheorem 11 .111 using 

the same techniques. 

The conditions on B analagous to ( 111. 15ft will turn out to be the same as the conditions 
on B\ required by lTheorem 6.1l"l that is, there exist constants Cq, C\ > and a smooth, 
compactly supported function v with jv — 1 such that, if we define vt{x) = -mV (j), then 

sup \B(x)\<C , sup {v t -kB{x))~ 1 <CV (11-17) 

Theorem 11.18. Suppose that B : R n i— > C 2x2 is a bounded matrix-valued function 
which satisfies Q11.17]) . 

Let TtF(x) = Jx>n Jt(x,y)F(y) dy, where Jt(x,y), F(y), and TtF(x) are all square 
matrices, and J satisfies fill.l2\\11.14fy . 

Suppose that for each dyadic cube Q, 

/ / \T t B(x)\ 2 tdtdx<C 2 \Q\. (11.19) 
Jo Jo 



Then 

JJ^ n+i \T t F(x)\ 2 tdxdt < C(Co,Ci,C 2 )||F||2 2(Rr 

Proof. Without loss of generality take C% = 1. It suffices to establish fl 1 1 . 1 5 [) for 6 = 1. 

As before, TF(X) converges for X G V and F G LP(dV), 1 < p < oo. In particular, 
|J J t (x,z)dz\ < C/t. 

Let A t B(x) =v t *B(x). Then 

\T t I{x)\ = \T t I(x)A t B(x)(A t B(x)y l \ < C\T t I(x)A t B(x)\. 
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So we may write 



T t I(x)A t B{x) = j J t {x,z) dz j ±v (^y 1 ) B(y)dy 



t n V t 
Let f t F(x) = j J t (x,y)F(y) dy, where 



J t {x, z) dz J ±v (?-JL ) B {y) dy - T t B(x) + T t B(x) 
fj t (x,z)dz v fx-y j l(r . lj)]D(lj)(IlJ , r r lD U). 



M x ,y) = [ - ' Jt<yX ' z ^ dz v (^—^ ) - Jt(x,y) ) . 



We have that 

<Q) ., rKQ) „ rKQ) 



/ \T t I{x)\ 2 tdt<C \T t I{x)A t B(x)\ 2 tdt<C \T t B(x) +T t B{x)\ 2 tdt 

JO Jo Jo 

I^J- Jj- i / ITT D/'™M^ 




<C/ \T t B{x)\Hdt + C \T t B{x)\Hdt 
o Jo 



KQ) r rKQ) 

\T t I{x)\ 2 tdtdx <C / \T t B(x)\ 2 tddx+C\Q\. 



and so 



IQJO JQJO 
So we need only show that 

-KQ) 




QJO 



\T t B(x)\Hdtdx < C\Q\. 



We will do this by applying ITheorem 11.111 and ILemma 11.41 to T. 

By assumption, Ji satisfies fjl 1. 12f - FTl. 14H . We need to show that Jt does as well; it 
suffices to prove this for Jt(x,y) + Jt(x,y) = L^i^l^ly (^-j^ 
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Recall that vt(x — y) = if \x — y\ > Ct. If \x — y\ < Ct, then 

C 



\Jt(x,y) + Jt(x,y)\ < 



C ( x — y 

v 



< 



t n+1 ~ v i- 
c 



< 



< 



t n+l 
C 



Ct 



t(t + \x- y\) n ~ t(t + \x- y\) n \t + \x - y\ 
If \y — y'\ < t/2, then since < a < 1, 

J.Jt(x,z)dz (x—y\ JJt(x,z)dz fx — y' 



a 



< 



c 

f-n+l 



x-y 
t 



x-y 
t 



- ^+2II Vw IIl oo I2/-^ / I 



< c \y-y'\/(t+\x-y\) < c (\y - y'\/(t +\x-y\)) 1 



t(t+\x-y\) 
If \x - x'\ < t/2, then 



t(t + \x- y \y 



C 



\y-y' 


a 


t(t + 


x-y\) n+a 



J Jt(x, z) dz ( x — y 



t 



f Jt(x' , z) dz ( x' — y 
— v ' 



t 



< 



fJt(x,z)dz fx — y\ fJt(x',z)dz fx — y 
— v — v 1 



f 



t 



t 



f Jt(x', z) dz fx — y\ f Jt(x', z) dz fx' — y 

-V — V ' 



t 



t 



The second term is at most 
otherwise, it is at most 

II^IIl 00 



C\x-x'\ 



1 1 a 



t(t+\x-y\) n + c 



as before. The first term is if \x — y\ > Ct; 



t n 



which is at most 



\Jt{x,z) - J t {x',z)\ dz < 



C 







a 


t(t + 


X — 2 





dz < 



C\x-x'\ a 



C\x-x 



1 1 a 



t(t+\x-y\)n+> 
Also, since J v = 1, we have that 



if \x - y\ < Ct. Thus J t satisfies (ITTl^flXTl]) . 



f t I(x) 



JJtiX > Z)dZ v( X -^)-J t (x,y))dy 



f n 



t 



7/(.f. -)r/- / ( X -j^- ) (lij- j J,(.r.())di) = 0. 
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So by lTheorem ll.lTl 



J^ n+1 \f t F{x)\hdxdt<C\\Ff L2{Wt 



for any L 2 matrix- valued function F, and so by ILemma 11 A\ we have that 

r rKQ) 
Jq Jo 

This completes the proof. 



\f t B(x)\ 2 tdtdx< C\\B\\% MO \Q\. 



□ 



11.3 Layer potentials on Lipschitz domains 

We now wish to generalize the results of the previous section to arbitrary good Lipschitz 
domains V; this will provide a sufficient condition for (I11.3P to hold. 
We begin with special Lipschitz domains. 

Theorem 11.20. Supppose that f2 C R is a special Lipschitz domain with Lipschitz 
constant k\, and that J : R 2 x R 2 i— > C 2x2 satisfies 



\J(X,Y)\<C 
\J(X,Y)-J(X',Y)\<C 
\J{X,Y)-J{X,Y')\<C- 



dist(x, ony 



dist(X, dQ)\X 


_ y 1+a 


\X-X' 


OL 


dist(X, dQ)\X 


Y 1+a 


\Y — Y' 




dist(X, dQ)\X 


_ y|l+a 



Define TF(X) = f dn J(X, Y)F(Y) da(Y). 
Let B : dtt h+ C 2x2 satisfy 



sup |-B(x)| < Co, sup 
xEdil Acdtl connected 



B 



A 



Suppose that for any Xq e dQ and any R > 0, 

/ \TB(X)\ 2 dist(X, dtt)dX < C 2 (r(B(X ,R)r}dtt). 

Jb 



;n.2i) 



'B(x ,R)nn 



;il.22) 
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Then for every F G L 2 {dVt ^ C 2x2 ), 

J \tf(x)\ 2 dist(x, on) dx < c(c , c h c 2) fci) 2(an) . 

Proof. This follows from ITheorem 11.181 by a change of variables. Define the matrix- 
valued function B(x) = B(i()(x))^/l + (p r (x) 2 ; then sup xe ^y < Cq(1 + H^'lli 00 )) 

< Ci(l + H^'ll^oo). By ILemma 6.15| this means that B satisfies 



6 ^ 



and sup a5foeR (f a B 
(fTTTfj) . 

Let J t (x,y) = J{tp{x,t),tp{y)). Then J t satisfies (TITTT2HTTTT41 ). If we let T t F(x) 

T t B(x) = ! J t (x,y)B(y)dy= [ J(i/>(x, t),1>(y))B(i/>(y))y/ 1 + V '{y) 2 dy 



R JR 

J(ip(x, t), Y)B(Y) da(Y) = TB(ip(x, t)) 

I on 

and so if Q C R is an interval and xq G Q, Xq = iJ)(xq), then 

KQ) 9 r rKQ) 9 

\T t B(x)\ 2 tdtdx = / / |T5(^(x,t))| J tdtdx 



< / \TB(X)\ 2 C dist(X,dfl) dX 
MQx(0,1(Q))) 

< [ \TB(X)\ 2 Cdist(X,dQ)dX 
JB(x ,Cl(Q))nn 

< CC 2 l{Q) 



Thus, by ITheorem 11.181 we must have that 

J j 2 \T t F{x)\ 2 tdtdx < C\\F\\ L 2 

for all F G L 2 (R ^ C 2x2 ). But since T t (y/l + {^) 2 F)(x) = TF(ip(x,t)), we must have 
that 

! \TF(X)\ 2 dist(X,dn)dX < C\\F\\ L2m 
for all F G L 2 (dVL i— ► C 2x2 ), as desired. □ 
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We now wish to move to good Lipschitz domains with compact boundary. 
Theorem 11.23. Supppose that J : R 2 x R 2 i-> C 2x2 satisfies 

\J(X,Y)\<C * 2 , (11.24) 

\J(X,Y) - J(X',Y)\ < C ^_ y|2 + a , (11.25) 

\J(X,Y) - J(X,Y')\ < C ' _ ' a . (11.26) 



Define T V F{X) = j du J{X,Y)F{Y) da(Y). 

Assume that for each special Lipschitz domain Q C R 2 with Lipschitz constant kfi, 
there exists some B n : dQ i-> C 2x2 wiici satishes A11.2B) and 111 1.221) with constants 
depending only on k^. 

Then if V C R is a good Lipschitz domain with Lipschitz constants ki , and if F G 
L 2 (dV ^ C 2x2 ), we have that 

|2 j: 



V 



T v F(X)\ z dist(X,dV)dX < C(ki)\\F\\l 2{dvy 



Proof. This follows trivially from the previous theorem if V is a special Lipschitz domain; 
thus we may assume that dV is bounded. By IDefinition 2.2\ there are ki special Lipschitz 
domains f^-, with Lipschitz constant at most k\, such that 

k 2 

dVc {JdniHBiX^ri) 
i=l 

where r { > and G 9V, with ^ n B(X{, 2r t -) = Fn £(Xj, 2r$). 

oo we may write F = F f , where F^X) = outside of B(X h ri), and ^ = 

\F(X) \ for all X G dV . 

Pick some i and note that TyFj = TjFj. By lTheorem 11.201 



|T^(x)| 2 dist(x,^)^ < c (hWi f L2{m . 
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Note that if dist(X, dQ t ) ^ dist(X, dV), then since n B(X^ 2r t ) = dV n 2r;) 
we must have that dist(X, B(X h Sr l /2) c ) < dist(X, <9fi z )- So if X e B(X l ,3r l /2) then 

dist(X,9y) < -n <3dist{X,B{X l ,3r l /2) C ) < 3 dist(X, <9fi z )- 
2 

So 



^5(^,3^/2) 



|T i F i (X)| 2 dist(X, 



< / |T^(X)| 2 3dist(X,<9^)dX 
./fi i nfl(X i ,3r i /2) 

< 3^ |T^(X)| 2 dist(X, c^)<DT < C(^l) 11^11^2^.) 
Conversely, suppose that X £ B(Xi, Sri). Recall that « <t(9V). Then 



|TVFi(X)| 



< 



c 



J(X,Y)Fi(Y)da(Y) 



< 



C 



B(Xi,ri)ndV 



\X-Y\ 



\Fi(Y)\ da{Y) 



\X-Xj\tJsv 



J \Fi(Y)\ da(Y) < ]x ° x , 2 V^dVj\\Fi\\ L Hdvy 



So 



V\B(Xi,3ri/2) 



\T v Fi(X)\ 2 dist(X, dV)dX 



< 



C 



V\B(Xi,3ri/2) 



\x - X 



^(dV)\\F t r L2{dv) dX 



c 



Putting these together, we see that 



^ |Ty (X) 1 2 dist (X, dV) dX < C || F t || 2 2 . 
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So 



/ \T v F(X)\ 2 dist(X,dV)dX = [ T v F t (X) 2 dist(X,dV) dX 
Jv Jv I f~{ 

k2 f 

<k 2 J" \T v Fi(X)\ 2 dist(X,dV)dX 



i- 

<cj2m\\ 2 L 2<c\\Ff L2 . 

1=1 

This completes the proof. □ 



11.4 The Dirichlet problem on a Lipschitz domain 

We now return to the Dirichlet problem. We want to show that 

J \VVf(X)\ 2 dist(X,dn)dX < C\\f\\ 2 L2m (11.27) 

for V a good Lipschitz domain. 

Recall that Vf(X) = J dQ u ■ A T W x fda. So 

VVf(X) = V x f v-A T VT T x fda 
JdV 

= f (d Xl d yi T x (Y) d Xl d y2 Y T x {Y) 
" JdV \d X2 d yi r x (Y) d X2 d y2 T T x {Y) / 



{A{Y)v{Y))f{Y)da{Y) 



We would like to apply ITheorem 11.231 to this expression. The obvious candidate for 
J(X, Y) is 

f d Xl d yi V T x {Y) d Xl d y2 T T x (Yi 
& 2 d yi T x (Y) d X2 d y2 T T x (Y) / 

Unfortunately, this matrix is not Holder continuous; however, a nearby matrix is. 
Recall that 
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Define 

t I 'd X id v ,rZ(Y) d x ,d Vo T^(Y)\ . 
J(X,Y) = B$(X)l Xl yi xK } Xl 2/2 * J Bq(Y) 

and let TF(X) = J m J{X, Y)F{Y) da(Y) as usual. Then 

VVf(X) = BliX)- 1 [ J(X, Y)B & {Y)-\A{Y)v{Y))f{Y) da{Y) 

Jon 

so if we let F(Y) = B 6 (Y)- l A(Y) (u(Y) u(Y)j f(Y), then \VVf(X)\ < C\TF(X)\ and 
1-^(^)1 — C\f(Y)\; thus, we need only show that T satisfies the conditions of lTheorem 11.231 
to establish (111.3p . which by lLemma 11.41 will prove [Theorem 11.11 

We begin with the conditions on J. As in ISection 1LT1 \ J(X,Y)\ < C/\X - Y\ 2 . We 
may write 

fd yi d X2 Y T x {Y) d y2 d X2 f x (Y)\ . 
JXlY ~ \d X2 d yi T x (Y) d X2 d y2 T x (Y)) B6Y ' 

Since all of the X-derivatives are now in terms of X2, and A(X) is independent of X2, we 
have that each component is a solution to an elliptic equation in X. Thus, J(X, Y) must 
be Holder continuous in X, and in fact by lLemma 3.51 must satisfy 



\J(X',Y)-J(X,Y)\<C-^ ~ V| " 



\X -Y\ 2+a 



for all \X-X'\ < ?\X-Y\ 
Similarly, 



\J(X,Y')-J(X,Y)\<C |V ~ ] ''" 



\X-Y 



2+a 



for all \Y-Y'\ < ^\X-Y\. 

So (lll.24frri.26p hold. Fix some special Lipschitz domain Q; we need to find a B = Bq 
which satisfies (TTCT]) and (TTT221 . 

Let 

B(Y) = (BeiY)*)- 1 (A{Y)v{Y) t(Y)) . 
(This is a slight adjustment of the B\ of (12.281) .) From lSection 6.41 we know that B satisfies 
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(jll.2ip . Furthermore, 

(B^XfY'TBiX) = (BliXf)' 1 J J(X,Y)B(Y)da(Y) 

= [ ( dx ^ T l d ^ TT A (Au r) da(Y) 

Jon \d X2 d yi Y T x d X2 d V2 Y T x ) \ / 

= J (V x v ■ A T VT T X (Y) V x d T T T x (Y)) daiY) 
= f (v x d T f T x (Y) V x d T T T x {Y)) da(Y) 
= Jd T (V X T T X (Y) V X T X (Y)) da{Y) 

which equals 0, since V X T X (Y), V X T X (Y) go to zero as \X — Y\ — > oo. Thus, B satisfies 
fill. 221) as well and (111.271) is proven. 
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CHAPTER 12 



REMOVING THE SMOOTHNESS ASSUMPTIONS 



We have proven (the existence halves of) Theorems 11.51 and 1 1 . 8 1 only under the assumption 
that A, Ag are smooth. 

Theorem 12.1. Fix some A, A and eg. Let V be a Lipschitz domain, and suppose that 
solutions to (N)p, (R)p, (N)f, and (R)^ exist for all matrix-valued functions A satisfying 
ril.2j) . || ImAH^oo < eg, and which in addition are smooth and satisfy A(x) = I for large 
\x\. 

Let A be a matrix-valued function that satisfies i ll -2)) and || ImA^oo < eg, but not 
smoothness or A(x) = I for large x. Then there exist solutions to (N)p, (R)p, (N)f, 
and (R)f in V. 



Proof. First, by [SI Lemma 1.1], if / G W 1 ' 2 H L 7 / 6 n L 17 / 6 (dV), then there is some u 
with div AWu = 0, Tr u = f and 



Similarly, by [T3J Lemma 1.2], if gg E H (dV) then there exists some u with div AVu = 



So there exist regularity or Neumann solutions for boundary data in (dense subspaces 
of) or L p . We need only show that they have the desired bounds on their non-tangential 
maximal functions. 

Let u be the Neumann or regularity solution given above to v ■ AVu = gg or d T u = gg, 
where gg G H\ t . 

Assume 77 is small, and let A^^x) be a smooth matrix-valued function with \\A— A^\\ < rj, 
except for a set with \E„ H (— l/rj, l/rf)\ < 77, where here | ■ | denotes Lebesgue measure 
111 R 1 . (We are still working with matrices which are independent of the second variable.) 
Let V v = {(x,t) :xeE v , (x,t) G V}. 



Vu\\ L 2 + 



1 + \X\ L 2 



<C(\\f\\ wl ,2 + \\f\\ L7/6 + \\f\\ Ll7/6 ). 




113 



For convenience, let = A^, and assume that A^ satisfies all of the conditions of the 
theorem, so (N)p , (R)f\ (N)f\ and (R)^ hold in V. 

Take vP to be the solution to (N)p 11 and (N)^ 71 , or (R)^ 11 and 71 : developed in the 
rest of this paper with the same boundary data as u. 
I claim that 

lv.-vrf< o(r/) 

lB{Y,r) 

where o{rf) — > as rj — > 0. 



Suppose my claim is true. By (13.61) . if Y £ "f(X) then 



\Vu(Y)\ 2 <C-f |Vm| 

JB(Y,dist(Y,dV)/2) 



i2 

I v u 

'B{Y,dist{Y,dV)/2) 

<C-f \Vu-Vu^\ 2 + C-f |V^| 2 

JB(Y,dist(Y,dV)/2) JB(Y,dist(Y,dV)/2) 

Therefore, if we let 

N s f(X) = Bup{|/(K)| : (1 + \X\ 2 )5 < \X - Y\ < (1 + a) dist(Y, dV)}, 

then N 5 (Vu)(X) < g$^z + CN{Vu")(X). So \\N s (Vu)\\ LP < C°-f + C\\N(W)\\ LP 
for all 1 < p < oo. (The decay in X is necessary to ensure that this is true for dV not 
compact, that is, V = Q a special Lipschitz domain.) 

But ||iV(W)|| x i < C\\g \\ Hl , ||iV(W?)|| LP < C\\g \\ L p for 1< p < p . By taking 
the limit as r\ — > 0, we see that ||-/Vj(Vti)||£p < Cp||<7ollz,f> an d II^(Vm)||^i < CH^oH^i 
uniformly in 5; thus these inequalities must hold for N(Vu) as well. 

So I need only show that 



IVu- Vm 7? | 2 < 



B(Y,r) 



Fix some choice of 77. We have that uP is a Neumann or regularity solution with 
boundary data in H 1 or R LP. Since our solutions are of the form SdlCt^go), the 
{N)f v and the {N)p V solutions are the same. So N(VvP) e L l (dV). 
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If V is bounded or special, then by lLemma 13.lt Vu 7 ? G L^(V), uniformly in rj. 

If V c is bounded, recall that u%X) = S^P" 1 ^) where P v = {C A vf or {K^f. Since 
both these operators are invertible on we have that = S^f for some / G H . But 
then / = d T F for some F with ||-F||xoo < ||/||^i < Cllflullijij then 



|^(x)| = |^(a T F)(x)| 



/ 9 r r^F da 



< 



C\\gQ\\ Hl a{dV)/ tist{X,dV) 



and so bv lLemma 3^1 and fl3~6l) we have that |Vw(X)| < C||#o||#itf(<9V)/ dist(X, <9V) 2 . So 
in particular VvP is still in L 2 uniformly in r\. 

Pick some Rq is large enough that B(Y, r) C 5(0, i?o) an d let R> Rq- Then 



/ |Vu- Vu^ 2 < CRe / (Vu- W?)- ^(Vu-W) 

i J B(o,i? )ny JvnB(o,R) 

C Re / V{u-W)- {AVu - A 71 Vu 71 ) 

JvnB(o,R) 



+ % Re / ( W - W) - A) V« 

^ JvnB(o,R) 

CRe [ Tr(u - vP) (v ■ AVu - v ■ A^VvP) da 

JB(0,R)r)dV 

+ CRe [ Tr(u - vP) (u ■ AVu - v ■ A^VvP) da 

JVndB(0,R) 

+ CRe [ (Vu-Vv^iA 7 ! - A)Vu. 

JvnB(OM) 



But 



Re / (VIZ- W?)^ - A)Vu 
Jv 



<Cv(\\Vu\\l 2{v) + \\Vu% 2{v) ) 

+ C\\Vu\\ L 2 iv) (\\Vu\\ L 2 iv) + \\Vu T f\\ L 2 { y ) ) 



So the third term is at most o(rj), independently of R. Since u, u 71 are Neumann or 
Dirichlet solutions with the same boundary data on dV, the first term is for all R. 
So for Rq large enough and R> Rq, 

[ |Vu- W| 2 < 0(77) + CRe [ (u - vF)(v ■ AVu - v ■ A 71 Vu 71 ) da 

JB(0,R )nV JVndB(0,R) 
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By averaging our inequality over a range of R, we get that 

/ IWu-Vu 71 ] 2 <o(t]) + — / / {u-u^WAVu- A^Vu^ldadR 

JB{o,R )nv R o Jr JvndB(o,R) 

C f 

< °(v) + -5- / I it — itP\ \AVu - A 71 Vu n \ 

R JVr\B(0,2R )\B(0,R ) 

But AVu - A^VuV G L 2 {V). So 
C f 

which goes to as Rq — > 00; so we need only show that u, vJl are bounded on V \ B(0, Rq) 
for large Ro. 

This is trivially true if V is bounded. If V is bounded, then u^(X) = S^f^(X) where 
WfWni < C\\g \\ H i; then \vP(X)\ < C\\f>\\ L i di&mdV/ dist(X, dV) and so is bounded 
(and in fact goes to 0). 

If V = n is special, then N(VvP) G L 1 (9fi). So 

|i^(z,t))-ufo%,*))| < I" N{Vu^{z))dz<\\N{Vu^)\\ Ll 



X 



for any < t and any x < y. Furthermore, for any t > 0, there is some such that 
N(Vu^(x t )) < \\N(Vun)\\ Ll /(l + t). 
Then 

WM))-^!))! < WOM)) -u\^{x u t)) I + W(x t ,t)) -^(^,1))| 

+ K(^,1)-^^(0,1)| 
< 2||iV(V^)|| L i + |i - l\N(Vu^(x t )) < 3\\N(VvP)\\ L i. 

So u 7 ! is in fact bounded on Q. We need only bound u(X) for large X. 

If we are dealing with the regularity problem, then u(X)/(l + \X\) G and so by 
ILemma 3.41 if X is large enough then |«(X)| < 1. 
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If we are dealing with the Neumann problem, then by the Poincare inequality 

JvnB(0,2R)\B(0,R/2) " ^ " C||VuI1 WfCWO) 

where ur = ^y n ^(o 2R)\B(0 R/2) u ' by a PPlyi n g ILemma 3.41 since v ■ AVu = on dV \ 
B(0, R), we see that \u(X)-u R \ < e for all X e Vf]B(0, 2R)\B(0, R), for all R sufficently 
large. 

But since Neumann solutions are only defined up to additive constants we may take 
Uft = 0; this lets us write 

L(o,Ro)nv |V " " W??|2 " ° iv) + C{U ' UV) ( llVu ^ 2 (v\B(0,R 0) ) + W^hHv^Ro))) ■ 
By taking the limit as Rq — » oo we see that 

/ | Viz- W| 2 < 0(77). (12.2) 
Jv 

This completes the proof. □ 

Theorem 12.3. Fix some A, A and €q. Let V be a Lipschitz domain, and suppose that 
solutions to (D)p and (R)p/, exist for all matrix-valued functions A satisfying (11. 2\) . 

|| Im A||_^oo < eo, and which in addition are smooth and satisfy A(x) = I for large \x\. 

Let A be a matrix-valued function that satisfies l\1.2\) and || ImA||£oo < eg, but not 
smoothness or A{x) = I for large x. Then there exist solutions to {D)p in V . 

Proof. Suppose that / is smooth and compactly supported on dV. Construct u, A 7 !, vft as 
in the proof of lTheorem 12.ll with Tr u = Tr uP = f, div AVu = div A^VuP = 0. 

As in the proof of lTheorem 12.11 by using ILemma 3.41 instead of (13.61) it suffices to show 
that 

/ \u - u v \ 2 < 0(7]). 
JB(Y,r) 

In fact, it suffices to show that J^iYr) \ u ~ — C{R)o(n) for any B(Y,r) C B(0,R); 
we then get a uniform bound on the LP norm of N§ ^u(X) = sup{|w(y)| : 5 < \X — Y\ < 
(1 + a) dist(Y, dV) < R} which becomes a bound on || A/"m||^p as before. 
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Fix W C V compact with -6(0, 2R) D V C W for i? large. Then by the Poincare 
inequality, 

\\ v ~ hwndv ^ v IL2 {w) < C{ W) || Vv\\ L2 {w) 

for all functions v G W /1 ' 2 (W / ). 

m is constructed in this theorem the same way it was in ITheorem 12.11 We will show 
( ITheorem 13.41) that Dirichlet solutions and regularity solutions with the same boundary 
data are equal. So (112.21) applies, and so since Tru = Tru^ on dV, 

h-rfWlfiW - C(W)\\Vu-V^\\ L2{w) < C(W)\\Vu-V^\\ L2{v) < o( V ). 

This completes the proof. □ 

Theorem 12.4. Fix some A, A and €q. Let V be a good Lipschitz domain, and suppose 
that solutions to {R)p and \Theorem 1.8\ exist for all matrix-valued functions A satisfying 
111. 2$) . || ImAH^oc < €q, and which in addition are smooth and satisfy A(x) = I for large 
\x\. 

Let A be a matrix-valued function that satisfies A1.2]) and \\ ImA||_^oo < eg, but not 
smoothness or A(x) = / for large x. Then solutions to \Theorem 1.8\ with compactly 
supported boundary data exist for A in V. 

Proof. First take / to be a smooth, compactly supported function on dV. We may construct 
a u with div AVu = in V, Tru = f and || N(Vu) \\ip < C||9 T /||^p. We need only show 
that (TOD holds. 

Define A 7 !, u 11 as before. Then as in ITheorem 12.ll 
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So if X G dV and R > 0, and if V s = {X G V : dist(X, dV) > 5}, then 



4 / |Vn(F)| 2 dist(F,^)dF 
R JB{X,R)C\V 5 

R JB(X,R)nV s 



Vu(Y) - WvPiY)\ 2 + \S7 u 11 (Y)\^j Aist(Y,dV)dY 

~ R" L(x,R)nv 6 awhv) dY + C ^bmo 



and so by letting 77 — > 0, 



1 



|v M (r)| z dist(r,^)dF<c||/|||, M0 

JB{X,R)nV 5 

uniformly in 5; by letting 5 — > we recover [Theorem 1.81 for smooth, compactly supported 
boundary data. 

We now consider moving to nonsmooth, compactly supported boundary data. (I did 
not do this explicitly when proving Theorems 112.11 and 112.31 because smooth functions are 
dense in L p ; they are not dense in BMO.) 

Since / is compactly supported, / G L p for 1 < p < 00. Let p be large enough 
that (D)p holds in V. Let f n — > f in L p , f n smooth and compactly supported, with 
II /nil BMO — C| I / II BMO- Let u n be the solution with boundary data f n as above. 

Then \\N(u n - u m )\\ LP < C\\f n - f m \\ L P, so 

L f v\ „ ( v\\ s C\\fn — fm\\LP ivy / v \ vy /v-m ^ /« ~~ /"i LP 

KW - «mWI < distWW)1/p . - vmx)| < distWW)1+1/p ' 

Thus, {%} converges almost uniformly to some u with the right boundary data; we see 
that for any X G dV and any R > 0, 

- / |Vn(r)| 2 dist(F,9y)dy 

# JB{X,R)C\V 5 

< \ I (\Vu(Y) - Vu n (Y)\ 2 + |VMF)| 2 ) dist(F,^)dr < C\\f\\ BM0 

R JB(X,R)nV s v y 

for n large enough; by letting 5 — > we complete the proof. 

We now want to pass to non-compactly supported /. □ 
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CHAPTER 13 
CONVERSES AND UNIQUENESS 



We have show that, if V is a bounded or special Lipschitz domain and / is a function 
defined on dV, then there is some u with div ASJu = in V and such that 

• If / G H l (dV), then u ■ AVu = f (or r ■ Vu = f) on dV and N(Vu) G L l {dV). 

• If / G LP(dV) n H\dV) for p > 1 small enough, then v ■ AVu = /(orr-V« = /) 
on dV and N(Vu) G IP(5F). 

• If / G L P (<9V) for p < oo large enough, then u = f on <9V and iV(ii) G LP(dV). 

• life BMO(dV), then u = / on dV and (HU) holds. 

We wish to prove the converses, and to show that such u are unique. 

Recall [Lemma 3.T1 if Nu (or N(Vu)) is in LP for 1 < p < oo, then we may widen the 
apertures of our nontangential cones as much as we like; in particular we may widen them 
so that ip{ x ,t) G 7(^(x)), where if) is as in (I2.2ip for any of the special Lipschitz domains 
fli in IDefinition 2.2[ 

We begin with a lemma for functions whose gradients are in LP: 

Lemma 13.1. Suppose that N(Vu) G LP(dV) for some 1 < p < oo. Then Vu G Lf QC (V) 



only on U, V and \\N(Vu)\\ip. In particular, ifV = fl is a special Lipschitz domain, then 
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Proof. First, note that if N(Vu) G LP(dV) for p > 1, then by <KT3\f . 

|Vu(X)| < C\\N(Vu)\\ LP imn(a(dV),di8t(X,dV))~ 1 / p 

and so Vu G L?° (V) D Lf (V). We need this result for V. 

By looking at sufficiently small neighborhoods of points in dV, we see that it suffices 
to establish that Vu G L 2 Qc (Q) for special Lipschitz domains Q. 

If p > 1, then 

-R pXQ+R rR rXQ+R 

Vu(ip(x,t))\ 2 dxdt<C / |Vti(^(x,t))|t~ 1/:P c/xrft 



</ xo JO J xq 

, pxq+R 

<C p R l lP / \N{Vu){ip{x))\dx 



and so Vu G L 2 oc (f2). 

If JV(Vit) G L 1 ^), define 

£?(a) = {X G : |Vw| > a}, e(a) = {X G d£l : JV(Vu) > «}. 

Note that a<r(e(a)) < ||JV(Vit)|| L i. 

If X G E(a), then X <^ 7(F) for any Y e dQ\e(a), and if X* G dQ is the closest point 
to X, then X* G e(a). So 

dist(X, + -a(e{a)) > dist(X, <9ft \ e(a)) > (1 + a) dist(X, dfi) 

and so dist(X,dfi) < Ca(e(a)). So £(a) C ^(R x (0, C<r(e(a)))). 

Now, we want to bound |£J(a)|. But since ip(x,t) G E(a) implies that ip(x) G e(a), we 
have that £7(a) C ip(e(a) x (0, CV(e(a)))) which implies that 

\E{a)\ < Ca{e{a)) 2 

where | • | is used for Lebesgue measure in R 2 and a is used for surface measure. 
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Now, 




/ 2a\E(a)\da<C 2aa(e(a)) 2 da 

Jo Jo 



roo rco 



<C||JV(Vu)|| L i / a(e(a))da = C\\N(Vu)\\ 2 Ll . 




We now must establish that u G . If p > 1 then w is Holder continuous in V". 
Otherwise, u is continuous on compact subsets of V because Vw is bounded; we need only 
look at a small neighborhood of the boundary, and so we need only consider V — Q a 
special Lipschitz domain. 

For some Xq = ip(xa) G dtt, N(Vu)(Xq) is finite. Then for any t, \u(ip(xo,t))—u(Xo)\ < 
tN(Vu)(X ) is finite. 

Now, for any y G R and any s, 

\u(ip(y, s)) - u(X Q )\ < \u(^(y, s)) - u(ip(x Q , s))\ + \u(ip(x Q , s)) - u(ip(x ))\ 



13.1 Uniqueness for the Neumann and regularity problems 

Theorem 13.2. Suppose that div AVu — in V for some Lipschitz domain V. Assume 
that either v ■ AVu = on dV or u = C on dV for some constant C. 

If V is a hounded Lipschitz domain and N(Vu) G L p (dV) for 1 < p < oo, then u is a 
constant. 

If V = Q is a special Lipschitz domain, then there is some pq > 1 depending only 
on ellipticity and the Lipschitz constant of f2 such that, if N(Vu) G L p (dVL) for some 
1 < p < pq, then u is a constant. 

If R 2 \ V is bounded, N(Vu) G L p (dV) for 1 < p < oo and limi^i^^ u(X) exists, then 
u is a constant. 




<sN(Vu)(X ) + \\N(Vu)\\ Ll . 



Thus we are done. 



□ 
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In the regularity case we may assume without loss of generality that u = on dV . 

Proof. We begin with domains V with compact boundary. 

Fix some ( > and define Rq as follows. If V is bounded, simply let Rq be large enough 
that V C B(0,Rq). Otherwise, 

Moo — liixi i i >00 u(X) exists, and so there is some Rq > 

such that if |X| > Rq, then \u(X) — Wool < C an d so if R > 4i?o, then 



B(0,2R)\B{0,R) 



iv,! 2 < £ 



B(0,4R)\B(0,R/2) 



\u- Uoo \ 2 <C( 2 . 



Consider the Neumann case v- AVu = first. Bv lLemma 13l Vn G W 1 > 2 (Vf]B(0, R)). 
So for any e > there is some rj G Cq°(S(0, 2i2)) such that || Vr/ — Vm|| v^ii 2 (yns(0 i?)) < e ' 
(See [HI p. 252].) We may further require that 

H V ^llL 2 (B(0,2i?)\ J B(0,i?)) - C ^ U h 2 {B(0,2R)\B(Q,R)) +C \\ U h 2 (B(Q,2R)\B(0,R))/ R - 
But by the weak definition of v ■ AVu = 0, we have that 



VnB{0,2R) 



Vrj ■ AVu = 



and so 



Vu ■ AVu 



VnB(0,2R) 



(Vu - Vfj) ■ AVu 



VnB(0,2R) 



< I \Vu - Vfj\\AVu\ 

'VnB(0,R) 

+ / (I V?7| + |Vm|)|Vu| 

JVC)B(0,2R)\B(0,R) 



< 



c 4Vu\\tf(ynB(p,R)) +c ? 



We first take the limit as e — > to eliminate the first term; we then take the limit as 
R — ► oo, which forces ( — > 0, which eliminates the second term. Thus by ellipticity of A 
Vu = almost everywhere, so u must be a constant. 
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Next, consider the regularity case for dV bounded. If N(Vu) G BP then N(Vu) 
is finite a.e., and if N(Vu)(X) is finite then limg^x n t ,u(Z) exists; so we have that 
limz^x n.t. U (Z) = a.e. dV. 



functions 77, we will work on subsets of V . 

Pick any e > 0. I want to show that there is some 8 > such that if dist(A, dQ) < 8 
then \u(X)\ < e. 

Since N(Vu) G L p (dV), there is some 8 such that 



for all Xq G dV, for some C to be chosen later. 

Cover {X G V : dist(X, dV) < 8' /2} by finitely many balls Bi = B(Xi, 8'), and require 
that N(Vu)(Xj) is finite, and that lim^^^ n t. u(Z) = for each Xj. Assume 8' is small 
enough that B(X^, 2C8') fl V = B(Xi, 2C8') PI fij for some special Lipschitz domains Qj. 

As in the proof of ILemma 13.11 if X = ip(x, s) is in B(Xi, 8') fl V, then 



Let 8j = tj 1 CN{Wu){Xj) 1 and let 8 = min(5 / ,minj 8i). 

Pick some e > 0. Let Vg — {X G V : dist(A, dV) > 8}. Note that if 8 is small enough, 
then dV§ lies in the boundary cylinders for V, and so its Lipschitz constants are controlled 
by those of V. 

Then u is continuous with bounded gradient on Vg. So we have that 



But since N(Vu) G L (dV), we have that Vw G L (dVg) independently of 8. Since \u\ < e 
on dVg, \u\ < (, \Vu\ < C(/R on dB(0,R), we have that this goes to as 8 — > and 
R — » 00; therefore Vm ■ AVu = 0, as desired. 



We will again show that Jy Vm • AVu = 0, but instead of approximating u by smooth 




(A) - u(Xi)\ < S A(Vn)(A,) + ||^(V W )|| L i (jB(Z0)CT , )naF) . 
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We now consider the case where V = £1 is a special Lipschitz domain. Since N(Vu) E 
L p , for any fixed e, Rq > 0, there must be some R > Rq such that N(Vu)(^(±R)) < 
eR-Vv. 

Pick some Rq, e, and let = ^((—R,R) x (0,CR)), where C is large enough that 
dn R C 7(^(i2)) U 7 (V>(- J R)). Then 

|| 1/ • AVwH^y^j < Ce or \\r ■ Vu\\ LP{d y R ^ < Ce 

(depending on whether v ■ AVu = or r • Vw = on dfl). 

Then since uniqueness holds in bounded Lipschitz domains, we must have that if p is 
small enough, \\N(Vu)\\ LP{dnR) < Ce. So \Vu(X)\ < Cedist(X, OVl)- 1 ^ for all \X\ < 
Rq/C; by taking the limits as Rq — > oo and e — > 0, we see that Vw = 0, as desired. □ 



13.2 L p uniqueness for the Dirichlet problem 
Theorem 13.3. Let V he a good Lipschitz domain. Assume that p < oo is large enough 

T 

that (R)pi holds in all bounded Lipschitz domains with constants at most C{kj), where 
the ki are the Lipschitz constants ofV. 

Then if div AVu = in V, Nu G LP(dV), and u = on dV , then u = in V. 

Proof. Suppose first that dV is bounded, and define V$ = {X e V : dist(X, dV) > 5} as 
before. 

By the dominated convergence theorem, for any e > we can find some Sq such that, 
if 5 < 5q, then \\u\\ LP ^ dv ^ < e. 

Let f§ = u\qy s - By continuity of u, we know that f§ is bounded (if large). 

Pick R large enough that dV C B(0,R/2). (This will be irrelevant in the case where 
V is also bounded.) Let v$(X) = u(X)i]g(X), where r]§ = 1 on V§ n B(0,R) and rjg e 
Cq°(Vj^4 fl 5(0, 2R)). We may extend by 0; we then have that v§ is continuous on R 2 , 
compactly supported, and has a bounded gradient. 
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Therefore, if X e V§, then 



u(X) = v s (X) 



-Jvv 5 - A T VT T X 

[ avv 5 ■ vrj - f Vv 5 ■ a t vy] 
Jv 6 Jvf 

/ V x v ■ AVv 5 da + / v s u ■ A T VT T X da 
JdVx JdVx 



Since |Vr^(F)| < |_y_yi ) we have that on dV§, r- W x is bounded and in H^. Let $x be 
the solution to (R)^j in with boundary data & x = T x . This means that iV(V$x) £ 
L p (and limy^oo exists), and so § x is bounded in V§ and e ^/L.- 



Therefore, 



u(X) = - / $ x v-AVvsda+ uu-A T VT x da 
JdV s JdV s 

= ~ ■ ^Vfj + / ui/ ■ A T VrJ da 

Jv 5 Jdv s 

= - v 5 u- A T V$ X da+ uv ■ A T VT X da 
JdV s JdV s 

= [ uv- A T V(T x -$ x )da 
JdV x 



ldV 5 

Now, we know that \VT X {Y)\ < so \\v A T W x \\ Lpf < g gM^ . But since $ x 

is a regularity solution, the same applies to it; therefore, 

r(dV 5 )VP' 



\u(X)\ < C\\f 5 \\ LP ° 



dist(X, dV s ) 

and so taking the limit as 5 — > yields that u(Jf) = 0, as desired. 

If V = ^ is a special Lipschitz domain, then we may proceed as in the proof of The- 
orem 13.2, by constructing a large finite subdomain with fjiVwIj^p small on its boundary. 
If p is large enough that (D)p holds in all such subdomains, we see that u must be small 
pointwise, as desired. □ 
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13.3 Mixed uniqueness 



In this section, we show that Dirichlet and regularity solutions are the same. 

Theorem 13.4. Suppose that V is a bounded or special Lipschitz domain. 

Let p be as in \Theorem 13. 3\ q = p'. If div AVu = = div AVv in V and u\gy = f = 
v\g V , and if Nu G L p , N(Vv) G L q , then u = v. 

If dV is bounded but V is not, we as usual must further require that lim^— >qc v(X) 
exists. 

Proof. By ILemma 13.11 v G Lf£ c , if V is bounded then v G L°°, and if is bounded 
then v is bounded on B(0, R) fl V for some R so large that \v — fool < 1 on B(0, R) , and 
so v is globally bounded. But then Nv is bounded. Since dV is bounded, v is a Dirichlet 
solution and we need only apply ITheorem 13.31 

If V = Q is a special Lipschitz domain, note that for every Rq > 0, e > 0, there is some 
R> R such that Nu(i/;(±R)) < eR~ l /P, N(Vv)(±R) < eiT 1 /?. 

Let Q R = ip({-R, R) x (0, CR)), where C is large enough that dQ R \ dQ C j(ip{R)) U 
j(iP(-R)). 

Define u R as follows: div AVu R = in Q R , u R = u = v on dQ R fl dQ, u R (X) = 
u{ip{±R)){l - dist(X,-0(±#))) on B(ip(R), 1) n dQ R \ dQ, and u R = elsewhere on 00^. 
Since Q R is bounded, 

ll^jelliPfoijj) ^ \\ u R\\up(an R y \\ N (^ u R)\\Lg(dii R ) < II^t^rII^^)- 

I claim that as Rq — > oo and e — > 0, Vw^(X) approaches both Vw(X) and Vv (X) 
pointwise (not uniformly); this suffices to show that Vu = Vv, and so u = t> up to an 
additive constant (which must be 0). 

First, note that 

\\ u - u R\\LP{dn R ) = \\ u ~ u R\\LP(dn R \dQ) ^ (^/R) 1 ^ + \W\\ LP (dQ R \dQ) ^ Ce i 
and so by lTheorem 13. 3\ \\N(u — uji)\\]j) < Ce; therefore, if X G Q R /c f° r C large enough, 

\u{X)-u R {X)\ < Ce dist(X,<9ft h)- 1 ^ = Cedist(X,9fi)" 1 / p . 
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Therefore, by lLemma 3.21 

\Vu(X)-Vu R (X)\ < CedistiX^Q)- 1 - 1 ^. 

Next, note that if q > 1, 

\\d T v - d T u R \\ Lq ^ mR) = \\d T v - d T u R \\ Lq ( dnR \ dn) 

< (eyR^) 1/q +\\d T v\\ LqmRXdn) <Ce. 

So bv lTheoremT3^1 \\N(Vv - Vu R )\\ L q < Ce. 

If q = 1 then \d T u R \ = \u(ip(±R))\ < e on B(ip(±R), l)nd{l R \d£l and is zero elsewhere 
on dfl R \ dfl. \d T v\ < e/R on dfl R \ dQ, a set of size at most CR. So 

\\d T u R - d T v\\ Hl{dnR) = \\d T u R - d T v\\ H i {dnRXdn) 

< W d T u R\\H^{dn R \dQ) + W^WH^dQRXdQ) - Ce ' 

So \\N(Vu R -Vv)\\ LHdnR) . 
In either case, 

\Vu(X) -Vu R (X)\ < Cedist(X,9fi i? )" 1/ ' 7 = Cedist(X,dfir 1/9 
for X G Q R /c- 

Thus, by letting e — > 0, we see that Vw(X) = Vt>(X), as desired. □ 

13.4 Square-function converse and uniqueness 

In this section, we will prove the following theorem: 

Theorem 13.5. Suppose that V is a bounded Lipschitz domain, div AVu = in V , and 

SU P tmr n nfv n\\ I \Vu(Y)\ 2 d\st(Y,dV) dY < C 2 . (13.6) 

Y £dV,R>0 <t(°V n B ( Y 0, R)) JVnB(Y ,R) 
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If || A — AqWloo is small enough, p is large enough that K, is invertible on L p (dV), and 
ifX G V with dist(X,dV) w <r(dV), then 

I N{u-u{X Q ))Pd(j <CC. 
JdV 

To prove this theorem, we need the following lemma: 

Lemma 13.7. If lil 3.6}) holds in V, and U C V is a bounded Lipschitz domain, then / 1 1 3. 6]) 
holds in U as well, with constants that may depend on the Lipschitz constants ofV. 

The theorem and lemma together have a corollary: 

Corollary 13.8. Suppose that V is a Lipschitz domain, div AVu = in V, and u satisfies 
(ELI). 

If \\A — AqW^oo is small enough, then u\gy G BMO(dV) with BMO norm at most CC. 



Proof of \Lemma 137$ Let Y G dU, and let R > 0. Note that if Y G U then dist(Y, dU) < 



dist(Y,dV). Since U is bounded, we may assume that R < cr(dU), and so R < Co~(dU D 
B(Y ,R)). 

If Y G dV, then 

/ \Vu(Y)\ 2 dist(Y, dU) dY < [ \Vu(Y)\ 2 dist(Y,dV) dY. 

JUnB(Y ,R) JVnB(Y ,R) 

Furthermore, a{dV n B(Yq, R))<CR< Ca(dU n B(Y , R)). So we are done. 

If Yq G dU \ dV, then let K * G dV with \Y - Y^\ = dist(Y ,dV), and let R* = 
\Y -Y*\ + R. 

HR<\ dist(y , <9K), then for all Y G B(Yq, R) we have that 
and so 

/ |VM(r)| 2 dist(r,9f/)rfr < / |Vu(r)| 2 ^ dist(r, du)dY 

JUr\B{Y ,R) JunB(Y ,R) R 

[ \Vu(Y)\ 2 dist(Y, dV)dY. 

K JVnB(Y$,R*) 
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Since a(dV n B(Y , R))<CR< C 2 a(dU n B(Y , R)), we are done. 
Conversely, if R > ^ dist(Yo, dV), then 

/ \Vu(Y)\ 2 dist(Y, dU)dY < [ |Vm(F)| 2 dist(Y, dV) dY 

JUnB(Y ,R) JVnB(Y^,3R) 

and so we are done. □ 

Proof of \Theorem 13.51 First, assume that A is smooth and that u = T>f for some / G 
BMO(dV). Recall that K} is bounded and invertible on H , so ||/C/||sMO ~ II /II BMO- 

We know from [T31 Section 3] that if Aq is real, and div Aq Vv = in a bounded Lipschitz 
domain W, then 

( \N{v-v{X ))\ 2 da{X) < C [ \Vv(X)\ 2 dist (X, dW) dX 
JdW JW 

for any Xq G W with dist(X ,dW) > ^a(dW). 

This lets us bound ||/Co/lli3MO as follows. Pick some A C dV, and let X A be such that 
dist(X A , A) « dist(X A ,<9F) w tr(A). Let W A C V be such that A C dW A , the Lipschitz 
constants of W A are controlled by those of V, and X A G W A with dist(X A ,cW A ) > 
a(A)/C. Then 

£ |/C / - V f(X A )\ da) 2 < £ |/C / - ©o/(^A)| 2 do" 

< -7TT / N(V f-T> f(X A )) 



2 



o-(A) Jw A 

< [ \WV f(Y)\ 2 dist(YdV)dY. 



This implies that 

\W\\ 2 BMO(8V)^ su P 1/ |VW(y)| 2 dist(F,^)rfF. 
1 j XnEdV.R>0 R JB( Xn.R)DV 
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Recall from Chapter 11 that 



sup I f \VVf(Y)\ 2 dist(Y,dV)dY<C\\f\\ BM0 . 
X Q £dV,R>0 K JB(X ,R)nV 

So by analyticity, if we let a = \\A - A \\ L oo\\f\\ 2 BMO « \\A - A \\ L oo \\JCf\\g M0 , 

WWW BMO - W^ofW%MO + Ca 

< sup - / \VV f(Y)\ 2 dist(Y, dV) dY + Ca 
x edV,R>o R JB(x ,R)nv 

< sup - / \WVf(Y)\ 2 dist(Y,dV) dY + Ca 
X €dV,R>0 R JB(X ,R)nV 

sup - / \X7u(Y)\ 2 dist(Y, dV)dY + Ca 

X Q edV,R>0 R JB(X ,R)r\V 

< CC 2 + Ca< CC 2 + C\\A - A \\ L oo \\JCf\\% M0 . 

Thus if || A — AqII^cx) is small enough, we may hide the last term. Thus, JCf = u\gy is in 
BMO with norm CC. 

But since dV is compact, by the John-Nirenberg inequality ([15, p. 144]), if 1 < p < oo, 
then for C j = fgy JCf we have that 

WW - C f \\ LP{dv) < C\\K,f\\BMO{dV)<dV) l/P < CCa{dV) l 'P. 

So \\f-C f \\ LP < CCa(dV) l /P, and so bv lTheorem 531 \\N{Vf - Cf) \\ LP < CCa{8V) l /P. 
We need this inequality with Cf replaced by Vf(Xo). 

We know that j dy \JC f - V f(X Q )\ < CC. Take V f(X ) = 0. Then \{ dv JC f\ 
j dv |/Co/| < CC, so 



< 



CWfWiP < C\\K f\\ LP < CCa(dV) l /P + C\\Kof - f dv lC f\\ LP < CCa(dV) l /P. 

But dist(X ,<9V) « a(dV) and so \Vf(X )\ < <r(dV) 1 /* / \\f\\ I j>/ dist(X , dV) < CC. 
Thus, 

\\Kf - Vf(X )\\ LP{dv) < CCo{dV) x 'P 

provided A is smooth. 
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We now move on to more general u and A. Let V§ = {X G V : dist(X, dV) > 5}. 
By ILemma 13. 7\ u satisfies (113.61) in V§. But V§ C V, so Vw is bounded on V$; thus 
98 = u \dVg e c BMO. Furthermore, d,-^ is bounded. 



Let A 7 ! be as in Chapter 12 and let P^, /C 7 ? be potentials with /L 71 instead of A. 



Then g s = K\ for some /J G BMO n LP. Let = /J. 

Then = « on <9V^. Furthermore, d T g§ G L 9 for some q small enough that (R)f holds 
in Vj. 

So if X G <9Vj and R > 0, then 

|W?(X)| 2 dist(X, av^)dx 

B(x,i?)nVj 

< / |V^(X)| 2 dist(X,9K)dX+ / \Vu v JX)\ 2 dist(X,dV) dX 

JB(X,R)nV 5+e JV 6 +e\V S 

<2 f (\Vul(X) -Vu(X)\ 2 + \Vu(X)\ 2 )dist(X,dV)dX 

JB(x,R)nv s+e 

+ [ |VM^(X)|dist(X,9r) 1 " 1 / (Z c/X 

Jv S +e\V S 

<2 I \Vu](X) -Vu(X)\ 2 dist(X,dV)dX 

JB(X,R)nV s+e 

+ CCR + e{5 + t) l - l l q [ NNufjda 

JdV 5 



By taking r\ and e small enough, and dealing with the first term as in Chapter 12, we have 
that 



I |W?(X)| 2 dist(X,<9V^)dX < CC. 

JB(x,R)nv x 



R JB(X,R)nV s 
So we have that 

/ N(u]-vP 6 (X )) p da<CC. 
JdV s 

As in lTheorem 12.31 u^(Xq) — u(Xq) — > as rj — > 0, so 

/ X(m7 — u(Xq)) p da < CC. 
JdV 5 

Thus Ufi — u(Xq)\qy G L p with norm at most CCa(dV) l /P; but m 7 - = it on dV§. 
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bo since (D)p holds in V, 



-f N(u-u(X )) p da<CC. 
JdVx 



<6 

Letting <5 — > completes the proof. □ 

Corollary 13.9. Suppose that u satisfies (\13.b}) and that u\gy is a constant. Then u is 
constant. 

By the previous theorem, we know that u is bounded. We need only prove the following 
lemma: 

Lemma 13.10. IfV is a good Lipschitz domain and u is a bounded solution to div AVu = 
in V, and ifu = on dV , then u = in V. 

Proof. If dV is bounded then the theorem follows trivially from ITheorem 13.31 as usual. 
Suppose that V = Q is a special Lipschitz domain. Without loss of generality assume that 

If we knew, a priori, that Vu G Lj oc , then we could use ILemma 3.21 to show that 
HVwH^m) — Unfortunately, we do not. 

Define Q(R) = ip((—R, R) x (0, R)). For every e, R > 0, let u Re = u on dQ(R), except 
on {X G dQ(R) : < dist(X, dQ) < e}; on this set ur £ is to increase from to u smoothly. 
Take divAVu^ e = 0. By |Chapter 14[ \\uR 1 e\\L' x '(Q(R)) — ^ ■ 



Since u is bounded, we know that \\Nq^(u — ur^Wlp < Ce^^ p ; so if we can show 
that uji € is small, then by letting e — > and R — > oo we will show that u = 0. 

From[LemEl3jand (ELS), we know that \Vu{X)\ < Cj dist(Z, dV). So \d T u R ^\ < C/e 
on dQ(R). So we know from ITheorem 13T4l that u Re must equal the regularity solution, 
and so by ILemma 13.1I Vw^ e G L?(Q(R)). 
Therefore, by ILemma 3.21 we know that 



iVn^l 2 < C. 

Q(R/2) 
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Pick some r > large, 5 > small, and let R = 2re 1 /^, £(p) = Jq^qq^ \^ u R,e\ 2 da. 
Then 

r R/2 r 

/ C(p)d P = / |v^, e | 2 <a 

Jr JQ(R/2)\Q(p) 
So since J^' 2 4 dp — 1, there must be some p G (r, R/2) such that £(p) < Cbj p. But then 



/ \Vu Re \<Cp-f |V«p e | 

JnndQ{p) JnndQ{p) 

1/2 

< Cp ( -/ iVn^l 2 ) < Cv/pOp) 

fondQ(p) 



and so < Cv^ on dQ(X,p). From Chapter 14 , this means that |«R )e | < C\f~5 on 



Q(r), and so by making 6, e small, we may force u small, as desired. □ 

We may now use a similar technique to prove a more general version of ITheorem 12.41 

Theorem 13.11. Suppose that Q is a special Lipschitz domain, A satisfies il.2\) . and 
f G BMO(dQ) . Then there exists some eg > small such that, if || Imyl||^oo < eg, then 
there is some u a solution to \Theorem 1.8\ with boundary data f . 

Proof. By ITheorem 12.41 this is true if / is compactly supported. Without loss of generality 
take || /|| BM0 = 1. 

Let fn = f — $Mt-R r\\ f on ip((—R,Rj), /r compactly supported with BMO norm 
at most C. Let ur be the solution to ITheorem 1.81 with boundary data Jr. 

Pick some 5 > small and some r > large. Let R, S > 2re 1//< ^ with R < S. Let 
v = ur — ug — C, where C is a constant chosen such that v = on ip((—R, R)). Then by 
ITheorem 13.51 |v| <Con ^{{-R, R) x (0, R)). 

Define Q(R) = ip((-R, R) x (0, R)), and let v e = v on dQ(R) except on {X G dQ(R) : 
< dist(X, dVL) < e}, as in the proof of lLemma 13.101 

Then if X G Q{R), \v{X) - v e (X)\ < CeV^distpf, dQiR))' 1 ^ and \v e (X)\ < C, so 
again \v e | < CVo on Q(r). 

By letting e — > 0, we see that |f(X)| < CV6 on Q{r). Let wr = ur + f^u_R r\\ /• 
Then lim^^^ wr exists, and wr converges almost uniformly; so a limit u must exist, and 
moreover must have u\qq = f and satisfy (11.91) . as desired. □ 
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13.5 The L converse 



We consider first the Neumann problem. 



Lemma 13.12. Suppose that V is a good Lipschitz domain with connected boundary and 
that f G BMO(dV). Then there exists some function F in wh^°(V) such that F — > / 
nontangentially a.e. in dV, and such that 

l|VF|| c = snp — - ^r— ^ / \VF\<C\\f\\ BM0 

x edv,R>o °( B ( x o> R) n dV) Jb(x ,r)dv 

where the constant C depends only on the Lipschitz constants ofV. 
Furthermore, if Xq G V, then 

/ \f-F(X )\da<C(C 1 )\\f\\ BMO 
JB(X ,Ci diat(X Q ,dV))ndV 

and if f is Lipschitz, we may assume that F is as well. If dV is bounded, then F — fyy f is 
compactly supported; if V — ft is a special Lipschitz domain and f is compactly supported, 
then F is as well. 

Proof. We first consider ; by [17] the first part of this lemma holds in , and further- 
more, |VF(x, t)\ < C\\f\\ BMO /t. 

The construction may be summarized as follows: as in [161 Section 2] if / 6 BMO(R) 
and / C R is a dyadic interval, then there exists a family Q = of dyadic intervals 
uj C I and a function a : Q t— > C such that 

• l a (^)| < C||/IIbmo f° r a ^ intervals u G £1(1), 

• V ; ^ n , n la; I < C\I\ for all intervals I C I, and 

• / = b + Iif + Ewefi'^MXw for some function b such that ||&||jroo(j) < C\\f\\ BM0 . 

If / has compact support, we may assume that we are working in some interval (—2 k , 2 k ) D 
supp /. Otherwise, let Qf. = Q((—2 k ,2 k )). If we have constructed Q^, then we may 
construct fi fc+1 by constructing Vl((2 k ,2 k+l )) and Q((-2 k+1 , -2 k )) and taking 

fi fc+1 = n k U fi((2 fc , 2 fc+1 )) U fi((-2 /s+1 , -2 fc )) U {(-2 fc , 2 k )} 
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and letting a({— 2 , 2 fc )) = f_ 2 kf ~ j-o^+l basic BMO theory this is at most 

WWbmo- 

Define 

2 k 



Then = F fc on (-2 fc , 2 fc ) x (0, 2 fc ); so F = lim^^ F fc exists. 

If / is the smallest dyadic interval of length at least to that contains xq, then F^(xq, £q) 



r2 k 

Let 77 e Cg°(S(0,l)) have integral 1. Let 77 t (X) = t~ 2 ?i(X/t). Let F(x,t) = 77^ ★ 
F(x,t), C > 4. By looking at the smoothing of a single interval, we see that |VF| is a 
Carleson measure. 

We may get F from F by adding a correction term whose L°° norm is controlled by 
the BMO norm of / (supplied in [17]). 

If / is compactly supported, we may construct such that F^ is as well; since F is 
a convolution of F with a smooth cutoff, F is compactly supported. We get from F to 
F by adding a L°° function; we may multiply it by a smooth cutoff function (with large 
support) to get F compactly supported. 

We have that \F{X)-F{X)\ < C\\f\\ BM0 . I claim that \F(X)-F k (X)\ < C\\f\\ BM0 
for all sufficiently large k. 

F(x,t) is an average of the values F^ takes in B((x,t),t/C). If C is large, this ball 
is small and so there are at most four such values; I claim that they vary by at most 

C\\f\\ B MO- 

If J is a dyadic interval and k is large enough, then 

BMO- 

But if Ji C I 2 and |/ 2 | = 2|/i|, then by standard 5MO theory ^ / - ^ /| < 2\\f\\ BM0 . 
This implies that if = Ity and Ji, I2 share an endpoint, then f ~ Jj f — 
4 II / II BMO- Using these facts, we see that F^, has oscillation no more than 8||/||_gjvfO 
on B((x,t),t/4), and so \F(x,t) - F k (x,t)\ < 8||/|| BM0 . 
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Suppose that Xq = (xq, to), and let / = B(Xq, C\to) fl <9R^_. If / = (xq — t,xq + r), let 
/ = (xq — r — tg, xq + r + to). Then for k large enough, 

j\f- F(X Q )\ < \F(X Q ) - F(X Q )\ + \F k (X ) - F(X Q )\ +j\f~ F k (Xo)\ 

<C\\f\\ BMO + \\b\\ L oo+f\ J2 <*(u) X u + £ k 2 k f ~ F k (X ) 

<C\\f\\ B MO + Y,\ a ^\TW^ + £\ E «HX« + & f - F k (X ) 

u)Cl \u\>to 
< ( C + C \t) Wf\\BMO + -f\ E <*(<")(X» ~ X»(xo) 

V 11 7 7 M>*o 

Let j be such that 2- ? ~ 1 < < 2 J - Then J is contained in the union of at most C(C\) 
intervals of length 2? . On each of these intervals, X)|u;|>io Q! ( a; )(X w — Xw^o)) i s a con ~ 
stant; it is zero on the interval containing xq, and so must be bounded by C(C\)\\f\\BMO 
throughout. 

If / is Lipschitz, let fi = H/Hbmo/II/'IIl 00 - 

Construct F k , F, F as usual. Let G(x,t) = f(x)((t) + F(x,t)(l - ((t)), where C = 1 
on [0, fi], C = on [2pi, oo), and \('\ < 2/fi. 

I claim that G satisfies our desired conditions. Clearly, G — > / nontangentially every- 
where; we need only show that G is Lipschitz and | VG| is a Carleson measure. 

First, note that 

VG(x, t) = ( f'( x W) ) + (1 - v(t))VF(x, t). 
\(f(x)-F(x,t)W(t)J 

Since \VF{x,t)\ < C\\f\\ BM0 /t, we have that |(1 - rj(t))WF(x, t)\ < C\\f'\\ L <x>; since VF 
is a Carleson measure, so is (1 — rf(t))VF(x,t). 
\f'(xHt)\ < \\f'\\ L oo, and 

y / / l/ , (^)k*)*^<ll/ , |lL~2/i = 2||/|| BW0 . 
J x JO 

So we need consider only the term (f(x) — F(x,t))r) (t). Assume t < 2/x, and let / be the 
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smallest dyadic interval containing x with |/| > t. Then \f(x) — -fr f\ < ^H/'IIl 00 !-^! — 
2 \\f\\BMO, and by the above \ F (x,t) -jjf \ < C\\f\\ BMO , and so 

\f(x) - F{x,t)\ < 

This implies that \(f(x) - F(x,t))r/(t)\ < C\\f\\ BMO /n = C\\f \\ L oo. Furthermore, 





+ 


F(x,t)-jf 


<C\\f\\ BM 











1 

T 



' \(f(x) - F(x,t))rj'(t)\ dtdx < \\f\\ L oo2fM = 2\\f\\ BM0 . 



X 



So G — > f and VG is both bounded and a Carleson measure, as desired. 

We now pass to more interesting Lipschitz domains. If / G BMO(dQ) for Q an arbitrary 
special Lipschitz domain, we may construct such an F by letting g(x) = f{jp(x)), letting 
G — > g with VG G C as before, and by letting 

F(if>(x, t)) = G{x, t) Fi^xe 1 - + te) = G(x, t - <p(x)). 

Then F -> / and |VF| < C\VG\, so 

l|VF|| c < C\\f\\ BM0 . 

If V is a Lipschitz domain which is good but not special and / G BMO(dV), we may 
proceed as in the proof of [7J Lemma 2.3]. a(dV) is finite and so / G L (dV)\ we may 
assume without loss of generality that fgy f = 0. 

Let f^j, Rji -Xj be as in IDefinition 2.2] Let {^j be a set of smooth, compactly 
supported functions such that = 1 for all X with dist(X, dV) < a(dV)/C, 

\^Vj\ < C/a(dV) and supp?7j is contained in 

Rj = {X : \(X - X,) • e|| < ~r j; |(X - X,) ■ e,| < 2(1 + fc^-}. 

Then ||/»7j||.BMO(0V) ^ ^11 /II BMO(W)- Let F j : n j ^ C satisfy Fj -> non- 
tangentially, |VFj| a Carleson measure. Note that Fj is supported in By taking 
constants large enough, we may ensure that Fj is as well; by multiplying our bounded 
correcting function by a smooth cutoff, we see that Fj is supported in Rj H flj — Rj flV. 
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By simply adding the FjS, we get our desired F. □ 

Theorem 13.13. Suppose that div AVu = in V for some good Lipschitz domain with 
connected boundary, and assume N(Vu) G L l (dV). 

If V is bounded, or ifV = Q is a special Lipschitz domain, then 

\W ■ AVu\\ Hl{dv) <C\\N(Vu)\\ Ll{dv) 

in the sense that \j nu ■ AVu\ < C\\N(Vu)\\ L i,Qys\\r]\\ B MQ(Qyj for all rj G Cq°(R^). 

If dV is bounded but V is not, then v ■ AVu — C u is in H 1 for some constant C u with 
\C u \<C\\N{Vu)\\ L i/a{dV). 

Proof. By ILemma 13.lt Vm e Lj oc , so v ■ ASJu exists in the weak sense. 

Suppose that / G BMO(dV) is Lipschitz and compactly supported. By ILemma 13.121 
if V is bounded or special then there is a compactly supported Lipschitz function F such 
that F —* f nontangentially, and such that ||VF||c < CWfW^MO- We need only show that 

<C||VF|| c ||iV(V M )|| L i. 

We must review some basic theorems about Carleson measures. Let G, H be two 
functions. It is well known (see, for example, [151 Section II. 2]) that 

| r2 \G\\H\<C\\G\\c\\NH\\ LHffR%y 

This clearly extends to special Lipschitz domains. If V is a good but not special Lipschitz 
domain, then the inequality holds if we integrate not over all of V but over the boundary 
cylinders Rj D V of IDefinition 2.21 

If X is not in one of these boundary cylinders, then dist(X, dV) > o~(dV) / C . Therefore, 



VF • AVu 



V 
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if R > and X e dV then 

/ |G||//|<C||™|| x ||G|| C + I \G\\H\ 

JB(X ,R)nV y > JXeB(X Q ,R),dist(X,dV)>a(dV)/C 

< c \\^\LHdV)\\ G \\c + C l ^f^^ I \G\ 
{ ' JB(X ,R)nV 

<C\\NH\\ LHdv) \\G\\ c . 
Applying this to G — VF and H = Vw, we have that 

f v \VF\\Vu\<C\\f\\ BMO \\N{Vu)\\ Ll 

as desired. 

Finally, we consider domains V whose complements are bounded. Fix some Cq° function 
77 with r] = 1 on dV, so that 

/ v ■ AVu = / V77 • AVm. 

Assume that suppr? C {X : dist(X, dV) < e} and that \Vr]\ < C/e. 

Then |V??||AV-u| < C||JV(Vu)|| £ i. Let C u = -^j^ j dv v ■ AVu. I claim that 
v ■ AVu - C u e H 1 , that is, that 



fv ■ AVu - fC u da 

dV 



<C\\f\\ BM o\\N(Vu)\\ Ll 



for all functions / Lipschitz on dV. 

As before, there is some F — > f Lipschitz with |VF| a Carleson measure and F — fgy f 
compactly supported. 

So 

/ fv ■ AVu - fC u da = [ (/ - f 8v f da)v ■ AVuda + / f da [ v ■ AVu 
JdV JdV JdV JdV 



f ( /)nr\ I v-AVuda)da 
8V \<r(dV) Jdv J 

f {f - {av f da)v ■ AVuda = [ VF-AVu. 
JdV Jv 
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As before, A J v |VF||Vu| < C\\f\\ BMO \\N(Vu)\\ Ll . This completes the proof. □ 

We now move on to the regularity problem. 

Theorem 13.14. Suppose that div AVu = in V and N(Vu) G L (dV) for some good 
Lipschitz domain V with connected boundary. Then f(X) = lim^^x n t u(Z) exists 
for almost every X G dV. Furthermore, d T f exists in the weak sense and ||d T /||o-i < 
C\\N(Vu)\\ Ll . 

Proof. If N(Vu)(X) is finite, then limz^x n.t. U {X) exists; we need only show d T u G H^. 

Recall the conjugate u of ISection 4.41 If V is simply connected, then u exists and is 
continuous on V. In this case, define v = u, v = u. 

If V is not simply connected, then is a bounded, simply connected Lipschitz domain. 
Let X $ V with dist(X, dV) > cr(dV)/C, and let R be large enough that dB(X, R) C V. 

Let C\ = Jqb(x R) v ' ^ u do~. Let v = u — C\Yx- Since Jg^fx R) v ' do~ = 1, 

and since JqijV- AVv da = for any simply connected domain U C V, we must have that 
f v ■ AVv da = for any closed path ui C V; thus, v is well-defined and continuous on V. 

But ||0rrx"||jyl(gy-) < C; so we need only show that \\d T v \\ H i < C. 

Note that div AVv = in V and ||JV(Vu)|| £ i ~ ||JV(Vu)|| L i. So bv ITheorem T3~T3l 
v ■ AVv G H^(dV) in the weak sense. 

I claim that d T v = — v ■ AVv in the weak sense. 

It suffices to prove that, if I C dV is connected and has boundary points Xq, X\, and 
N(Vv)(Xi) is finite, then for the appropriate ordering of Xq, X\, 

v(X x ) - v(X ) = - J xiv ■ AVv. 

In fact, we need only prove this for short intervals; thus, it suffices to prove this for V = Q 
a special Lipschitz domain. 

Let Xi = 4>(xi); then xq < x\. Pick some e > 0. Let < h < e/N(Vv)(Xi) for i = 0, 1. 
Let U = i/)({x ,xi) x (0,/i)) C V. Then 

/ u-AVv = 0, / \Vv\<Ce 
JdU Jip({ Xi }x(0,h)) 
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and so 



Xiv-AVv- ( 1 u(ijj(x)) ■ A(if)(x, h))Vv(ip{x, h))Jl + (p'(x) 2 dx 

JXQ 



< Ce. 



But ip{x, h) G V, and if X £ V and Y G dV, then t(Y) ■ Vv(X) = -u(Y) ■ A(X)Wv(X). 
So 



XQ 



-v(ip(x)) ■ A(tp(x, h))Vv(ip(x, h))Jl + ip'{x) 2 dx 



I T(ip(x)) ■ Vv(ip(x, h))Jl + ip'(x) 2 dx = v(ip(xi, h)) — v(ip(xQ, h)). 

JXQ 



But \v(Xi) - v(ip(x i: h))\ < e. So 



Jxi» 



AVv-(v(X )-v(X 1 )) 



< Ce. 



By letting e^Owe have our desired result; so d T v = v ■ AVv. 

If V is simply connected, we are done because v ■ AVv G H l . Otherwise, we know that 
v ■ AVv\ — C v G for some constant C v . But jgy r • Vt> da = 0, and so we see that C v 
must be 0; thus v ■ AVvi G if 1 , as desired. □ 
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CHAPTER 14 

BOUNDARY DATA IN L°°: THE MAXIMUM PRINCIPLE 

Theorem 14.1. Suppose that u = f on dV for some hounded good Lipschitz domain 
V, and that div AVu = in V. Then \\u\\ L oo^y^ < C\\f\\ L oo^gy^ for some constant C 
depending on the ellipticity constants of A and the Lipschitz constants of V, but not 
on a(dV). 

This theorem is obviously not true on unbounded domains: consider the harmonic 
functions u(x, t) = t in R^ or v(X) = log \X\ in R 2 \ B(0, 1). 

For notational convenience, we will instead prove this for div A T Vu = 0. Throughout 
this section, let p be an exponent such that (R)p, (N)p, (D)^/ hold. 

14.1 Green's function and a priori bounds 

Let V be a bounded Lipschitz domain, and assume that (R)^, holds in V. Choose some 

P 

X G V. Fx(Y) is bounded and continuous with bounded gradient on dV, so d T Yx £ L p ■ 
Therefore, since dV is compact, there is some $x with div AV&x = in V and $^ = Fx 
on dV. 

Define G x = F x - &x- 

Theorem 14.2. Suppose that V is a hounded Lipschitz domain, that (-R)y, > (^)p 

hold in V. Suppose that div AVu = in V, Nu G LP{dV), and u = f on dV. 
Then 

u(X) = [ fv AVG X da. 
JdV 
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Proving this for / = was the core of our proof of ITheorem 13.31 
Proof. Let R = dist(X,dV). Recall that \VT X (Y)\ < t^zW So 



„ oo „ 

/ \vr x (Y)f'<J2 \ 
Jdv J i 



£J J{B{X,2^R)\B{X,2*R))ndV 
oo r 

< Y C2 k R^— F < CR l - p . 
^ 2 k P RP 



|vr x (y)p 



fc=0 



But since (R) , holds in V, and r • Vr^ = t • V$x? we must have that 



\\N{V®x)\\ LP i {dv) <CR l l p '- 



(14.3) 



Let 5 G L P (<9V) be such that ||/ - g\\ LP < e and d T g G L°°(<9V) D LP (dV). Let u be 
the (D)p solution to divAVf = in V, v = g on dV. 
Then since (-D)p holds in 7, 



m(X)- / fu-AVG x da 
dV 



v{X)- / gi/-AVG x da 

dV 



< \u(X)-v(X)\ + 

< C||JV(m - u) \\lp min{a{dV), dist(X, d^)" 1 ^) 
+ 

< Cemm(a(dV),dist(X,dV)- 1 / p ) + v(X) 



[ (f-g)is-AVG x da 
JdV 



v(X)- I gv-AVG x da 
dV 



\\f -g\\Lp\\VG x \\ Lpl{dv) 



dV 



gv ■ AVG X da 



So we need only show that the theorem holds for v. 

By lLemma 13.11 v is bounded and Vv G L 2 (V). By (ETE1) . is bounded near X. By 
ILemma 8.121 v is Holder continuous on V. We specified that d T v was bounded. So we 
may extend v to a bounded compactly supported function with gradient in L 2 (R 2 ) whose 
gradient is bounded near X. 
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But then 



v(X) 



T 
X 



- J Vv • A T VT T X = - J AVv ■ VT T X - J ^ Vv ■ A T VT 
= - Y T Y v ■ AVv da + v v ■ A T VY T Y da 

Jdv x Jdv x 

= -/ <& x v ■ AVvda + / vv ■ A T VY X da 
JdV JdV 

= - ■ AVv + vv- A T VT X da 

JV JdV 

= - vv- A T V<& X da+ vv- A T W X da = vv- A T VG X da 
JdV JdV JdV 

as desired. □ 

Thus, the maximum principle is equivalent to bounding \\v ■ AVG x \\ L i^gyy with a 
bound independent of X and a(dV). 

By (114.31) and Holder's inequality, ||VGxllil is bounded for dist(X, dV) > ^a(dV); 
we need only bound \\v ■ AVGxW^lrgyj for X near the boundary. 

14.2 Bounding the Green's function 

Let R = dist(X, dV), and assume that R < ^ minj r^, where the are as in IDefinition 23 
Then X £ B(X t , (1 + l/3)r,) n ftf for some i. 

Then Q t = {ipi(x,t) : t > 0} = {X G R 2 : ^((X - X { ) ■ e±) < {X - X,) ■ ej where 
■?/>(£, t) = tej + xef- + (fi(x)ej-. Without loss of generality take X = t) for some positive 
number t ^ R. Let X* = ^(0), and let W r = ip(-r,r) x (0,2r). Let Y£ = ip(±r). 

If r < (1 - l/3)ri then W r C V, and if r > R then dist(X, dW r ) « dist(X,<9V) « 
cr(9Wr-). By ILemma 3.11 we may choose the apertures a of non-tangential cones large 
enough that V H dW r C 7a,v(*+) u 7a,v(^-)- 

For convenience write ?7 r = V \ W r . We need to show that Jgy\v- AVGx\ < C- Begin 
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by integrating only over dV \ dU r = dW r fl dV. We have that 

/ \VG x \ p da) 

JdV\dU r ' / 

< a(dV \ dUr^-^PCR 1 ^- 1 < C 

since a(dV \ dU r ) < a(W r ) « CR and \\VG\\ L p {dv) < CR 1 ^' 1 . 

Now, consider dlf r . Since X U r , we have that satisfies divAVG^ = in U r ; 
consequently, Gx satisfies all of our useful theorems in U r . In particular, ||VGx II i 1 ( ^LV) — 
C\\t ■ VGx\\ffifQjj r y So we need only bound ||r • VG^II in H 1 . 

But Gx = on dV; therefore, we need only consider r • VGx on dU r \ dV . 

Let g = t ■ VGx- Note that J g = 0, and o-(suppg) < CR. So we need only show that 

ll5 , ll J L 00 (o>[/ r \aV r ) < C / R - 

Now, |«?(y)| < |vr x (y)| + |v$ x (r)|. On cw r , 

|vrv(y)| < c < < -. 

Since 8U r \ dV C 7(1^) U 7 (yi), we have that 

ll»llLoo ( a WV0 < c?/i2 + iv(v$ x )(y;) + jv(v$jc)(i^). 

So we have that \\g\\ Hl <C + RN(V^ X )(Y+) + RN(V$ X )(YL), and therefore that 
\\u ■ AVG x \\ L i <C + RN(V<f> x )(Yl) + RN(V$x)(Y-)- 
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As in ISection 9.2} we take the average from r = R up to r = 2R < (1 — l/3)rf 

\\v- AVG x \\ T i<C + 4- RN(V$ x )da+-f RN(V^ x )d(J 

Jib((R,2R)) Jib((-2R,-R)) 



<C + C+ RN(V$ x )da 
J^((-2R,2R)) 

<C + C\-f R p N(V$ x ) P da) 
\J^((-2R,2R)) J 

<C + CR l - l l p I [ N(\7$ X )P da 

\J^((-2R,2R)) 

< CR 1 - 1 t*\\N(y$ x )\\ IJ , m < C 



1/p 



as desired. 
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